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Introduction 



Over a period of about thirty years Freydoon Shahidi has developed the theory of local 
coefficients and its applications. Nowadays this method is known as the Langlands-Shahidi 
method. The references 06], 07], 08], [39], [50], [5l], [52], [53], [55] are among Shahidi's 
works from the first half of this period. These works are used in this dissertation. The 
applications of this theory are numerous; see the surveys [TB], [SI], [SB] and [3U] for a partial 
list. Although this theory addresses quasi-split connected reductive algebraic groups, our 
aim in this dissertation is to extend this theory to Sp2n{^), the metaplectic double cover 
of the symplectic group over a p-adic field F, which is not an algebraic group, and present 
some applications. We shall realize Sp2n{^) as the set Sp2n{^) x {il} equipped with the 
multiplication law 

(5i,ei)(5'2,e2) = (5152, eie2c(5'i, 32)) , 

where c(-, •) is Rao's cocycle as presented in [32] . 

The properties of Sp2n{^) enable the extension of the general representation theory of 
quasi-split connected reductive algebraic groups as presented in [60] and [67]. A great part 
of this extension is already available in the literature; see [29], [1], [2] and [72] for 

example. 

An analog to Bruhat decomposition holds in Sp2n{^)- If F is a p-adic field, Sp2n{^) is 
an /-group in the sense of Bernstein and Zelevinsky, [8]. Since Rao's cocycle is continuous, 
it follows that there exists U, an open compact subgroup of Sp2ni^), such that c{U, U) = 1. 
Thus, a system of neighborhoods of {l2m 1) is given by open compact subgroups of the form 
{V,l), where F C [/ is an open compact subgroup of Sp2n{^)- Furthermore, in Sp2n{^) 
the analogs of the Cartan and Iwasawa decompositions hold as well. If F is not 2-adic 
then Sp2ni^) splits over the standard maximal compact subgroup of Sp2n{^)- Over any 
local field (of characteristic different than 2) Sp2n{^) splits over the unipotent subgroups 

of 5p2n(F). 

For a subset H of Sp2n (IF) we denote by H its pre- image in Sp2n {^) ■ Let P = M tK N he 
a parabolic subgroups of Sp2n{^)- P has a "Levi" decomposition. P = M k h{N), where 
fj, is an embedding of N in Sp2n(^) which commutes with the projection map. 

During a course by David Soudry (2008-2009) dedicated to Waldspurger's La formule 
de Plancherel pour les groupes p-adiques (d'apres Harish- Chandra) which is a remake of 
Harish-Chandra's theory as presented in |60] . the author checked that the general theorems 
regarding Jacquet modules, L2-representations, matrix coefficients, intertwining operators, 
Harish-Chandra's c-functions etc. extend to the metaplectic group. Same holds for Harish- 
Chandra's completeness theorem and the Knapp-Stein dimension theorem which follows 
from this theorem. In fact many of the geometric proofs that are given in [8] and [9] apply 
word for word to the metaplectic group. 

We note that many of the properties mentioned in the last paragraph are common to 
general n-fold covering groups of classical groups. However, the following property is a 
special feature of Sp2ni^)- Let g,h £ Sp2n{^)- If 9 and h commute then the pre-images 
in Sp2n(^) also commute. In particular, the inverse image of a commutative subgroup of 
Sp2ni^) is commutative. This implies that the irreducible representations of Tsp2„{^), the 
inverse image of the maximal torus of Sp2ni^), are one dimensional. As noted in [7] this is 
the reason that a Whittaker model for principal series representation of Sp2n{^) is unique. 
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Furthermore, in Chapter [5] of this dissertation we prove the uniqueness of Whittaker model 
for Sp2n(^) in general. We emphasize that this uniqueness does not hold for general covering 
groups; see [15] and [1]. It is the uniqueness of Whittaker model that enables a straight 
forward generalization of the definition of the Langlands-Shahidi local coefficients to the 
metaplectic group (see [5] for an application of the theory of local coefficients in the context 
of non- unique Whittaker model). 



0.1 Main results 

Let F be a local field of characteristic 0. Let '0 be a non-trivial character of F. We regard 
■0 also as a genuine non-degenerate character of the inverse image of the unipotent radical 
of a symplectic group. 



Theorem A. Let vr be an irreducible admissible representation of Sp2n(^)- Then, the 
dimension of the space of ■(/'-Whittaker functionals on vr is at most 1; see Chapter [5j 

Theorem B. Let r be an irreducible admissible generic representation of GL.„(F). 
Let P(F) be the Siegel parabolic subgroup of Sp2n{^) and let w; be a particular represen- 
tative of the long Weyl element of Sp2n{^) modulo the long Weyl element of P{F). Let 

, r, w) be the metaplectic analog to the Langlands-Shahidi local coefficient. 
Then, there exists an exponential function cf(s) such that 

(P(F),.,r,^)=c.(.)-^— 

Furthermore, cf(s) = 1 provided that F is a p-adic field of odd residual characteristic, r is 
unramified and V' is normalized. See Sections 18.61 and 19.31 

Let F be a p-adic field. 

Theorem C. We keep the notation and assumptions of Theorem B. Let /3(s,r) the 
meromorphic function defined by the relation 

A^-iAu, = /3{s,T)Id. 



Here Ayj is the intertwining operator defined on vr, the representation of Sp2n{^) (parabol- 
ically) induced from r. Then, (5{s,t) has the same analytic properties as the Plancherel 
measure attached to S02n+i^) and r. In particular, if we assume in addition that r is 
supercuspidal unitary then tt is irreducible if and only if vr' is irreducible. Here vr' is the 
representation of 502n+i(F) (parabolically) induced from r. See Section flO. 31 



Theorem D. Let tt be a principal series representation of Sp2n^) induced from a 
unitary character. Then vr is irreducible. See Section [10.11 

Theorem E. For 1 < i < r let be an irreducible admissible supercuspidal unitary 
representation of GL„. (F) and let a be an irreducible admissible supercuspidal generic 
genuine representation of Sp2k(^)- Denote by vr the corresponding parabolic induction on 
5'P2n(F). Then, vr is reducible if and only if there exists 1 < i < r such that Ti is self dual 
and 

7(a X ri,0,V')7(ri,sym^,0,V') / 0. 

Here 7(0" x Ti,s,ip) is the 7- factor attached to a and Ti defined by analogy to the general 
definition of Shahidi; See section 110. 2[ 
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Theorem F. Let x be a character of F*. There exists a meromorphic function 7(x, V'l 
such that 

i{x,iP^\s)C{4>,x,s) = C(^,x"\i - s) 

for every (f), a Schwartz function on F. Here ^ is the Mehin Transform and 

Jf 

where 7^ is the normahzed Weil factor attached to a character of second degree. Further- 
more, 7(X) V'j s) has a relation to the (F) local coefficient which is similar to the relation 
that the Tate 7-factor has with the SL2{¥) local coefficient, i.e., 

7 (X ,V' ,1 - s) = e (x,s,V')— , 1 

where e'(x, is an exponential factor which equals 1 if x is unramified and F is p-adic 
field of odd residual characteristic. See Section [8.51 

Theorem G. Let F be a field of characteristic different then 2. The unique extension 
of Rao's cocycle from Sp2n{^) to GSp2n{^) is given by 

c{g,h) = vx^{p{g))c{p{g)^^,p{h)). 

For details see Section 12.61 

0.2 An outHne of the thesis 

Chapters [TM] are of a preliminary nature. In Chapter [T] we give the general notation to be 
used throughout this dissertation. Among these notations is (•,-)if") the quadratic Hilbert 
symbol. 

In Chapter [2] we present the metaplectic group and prove some of its properties. In 
Section [2?T] we introduce some notations and facts related to symplectic groups. In particular 
we denote by P-^(F) and A-I-j^{¥) a standard parabolic subgroup and its Levi part. 

In Section [22] we introduce Rao's cocycle and prove some useful properties. The meta- 
plectic group is also presented in this section along with its basic properties. In Section [2.31 
we address the rank 1 case of Rao's cocycle which is identical to Kubota's cocycle; see |32j . 
For p-adic fields of odd residual characteristic we recall the explicit splitting of SL2{Ow). 
We use this splitting to describe some properties of the splitting of Sp2n{^¥)] see Lemma 
12.11 For all the p-adic fields we prove that the cocycle is trivial on small enough open com- 
pact subgroups of 5L2(F). We describe explicitly the two isomorphisms between 502(M) 
and ]R/47rZ; see Lemma 12.31 One of the explicit isomorphisms will be used in Section [8.21 
where we compute the local coefficients of SL2 (M) . In Section 12.41 we deal with parabolic 
subgroups of 5p2n(F) which are defined to be an inverse image of parabolic subgroups of 
Sp2ni^)- We prove that these groups possess an exact analog to Levi decomposition. For 
p-adic fields of odd residual characteristic we give in Lemma 12.71 an explicit isomorphism 
between M-^(F) and GL„,(F) x GL^^CF) . . . x GL„^(F) x 5p2fc(F). As a by product of this 
isomorphism we obtain an explicit splinting of the Siegel parabolic subgroup. The main 
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ingredient of the proof of Lemma 12.71 is the existence of functions ^ : F* — >■ {±1} with the 
property 

C{ab)=aa)m{a,b)^. 

See Lemma 12.61 In Section [2.51 we introduce the global metaplectic group. This group will 
appear again only in Chapter O 

In Section [22] we describe explicitly the unique extension of Rao's cocycle to GSp2n{^)- 
This extension is equivalent to a realization of the unique double cover of GSp2n(^) which 
extends the unique non-trivial double cover of Sp2ni^)- For the rank 1 case, this theorem 
is proven in [32]. The main ingredient of this extension is a lift of an outer conjugation 
of Sp2n{^) by an element of GSp2n{^) to Sp2n{^)- A particular property of this lifting 
(see Corollary 12. ip will play a crucial role in Chapter [5] where we prove the uniqueness of 
Whittaker model. 

Li Chapter[3]we introduce 7^ : F* — )■ {±1, =bi}, the normalized Weil factor of a character 
of second degree; see Theorem 2 of Section 14 of [69]. Since the complex case is trivial and 
since the real case is clear (see HO]) we mostly address the p-adic case. As may be expected, 
the main difficulty lies in 2-adic fields. We give some formulas (see Lemma [3. 2 p that we shall 
use in Section [8.11 where we compute the local coefficients for SL2{¥) over p-adic fields. For 
the sake of completeness we explicitly compute all the Weil factors for p-adic fields of odd 
residual characteristic and for Q2- It turns out that if F is not 2-adic then 7^ is not onto 
{ibl,ibi}. The Weyl index defined on Q2 is onto {ibl,ibi}. Furthermore, if F is a p-adic 
field of odd residual characteristic and if — 1 G F*^ then 7^ equals to one of the ^ functions 
presented in Section 12. 4[ 

Let F be a p-adic field. In Chapter HI we survey some facts from the existing and ex- 
pected representation theory of Sp2n(^) to be used in this dissertation. This theory is a 
straight forward generalization of the theory for algebraic groups. For 1 < z < r let Tj 
be a smooth representation of GL„,. (F) and let a be a genuine smooth representation of 
Sp2k{^)- In Section [4.1l we construct a smooth genuine representation of Af-^(F) from these 
representations. This is done, roughly speaking, by tensoring ti0T2 ■ ■ .(S'rj.iSDCT with 7^; see 
Lemma [4. 1[ Note that this is not quite the process used for general covering groups; see [1] 
for example. Next we define parabolic induction in an analogous way to the definition for 
algebraic groups. In Section [4.21 we give a rough condition for the irreducibility of unitary 
parabolic induction that follows from Bruhat theory. Namely, we explain which represen- 
tations of AI-^(¥) are regular; see Theorem 14. 2 [ In Section [4.31 we define the intertwining 
operator attached to a Weyl element w. This operator is the meromorphic continua- 
tion of a certain integral; see ()4.10p . Its definition and basic properties are similar to the 
analogous intertwining operator for algebraic groups. Chapter [4] culminates in Section [4.41 
where we give the metaplectic analog to the Knapp-Stein dimension theorem ;see [58| for 
the p-adic case. This Theorem describes the (dimension of) the commuting algebra of a 
parabolic induction via the properties of the meromorphic functions /3("^, ri, . . . , Tr, a, w) 
defined by the relation 

Ay^-iAii, = fS'^C^ ,'iT,w)Id. 

In more details, let ir be an irreducible admissible supercuspidal unitary genuine representa- 
tion of P-^(F), let W{tt) be the subgroup of Weyl elements which preserve vr, let T,p_^(f-^ be 
the set of reflections corresponding to the roots of Tsp2„{^) outside A/-^(F) and let W"{-k) 
be the subgroup of W{tt) generated hy w £ Sp_^(ip-) n W{7r) which satisfies I3{~^,tt,w) = 0. 
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denote by /(vr) the representation of Sp2ni^) induced from vr. The Knapp-Stein dimension 
theorem states that 

Dim{Hom{I{TT),I{TT))) = [W{7r) : W"{tt)]. 

For connected reductive quasi spht algebraic groups fii^ ,-k,w) is closely related to the 
Plancherel measure; see Section 3 of the survey [5l] for example. In Chapter [10] we shall 
compute this function in various cases. 

Since Sp2ri^) splits over unipotent subgroups of Sp2n(^) one can define a genuine ijj- 
Whittaker functionals attached to a smooth genuine representation vr of Sp2n{^) in a closely 
related way to the definition in the linear case. Denote by Wvr,^ the space of ■0-Whittaker 
functionals defined on In Theorem 15. II of Chapter [5] we prove that if vr be an irreducible, 
admissible representation of Sp2n^)- Then dmiiW-,^ < 1. 

We emphasize that uniqueness of Whittaker model is not a general property of covering 
groups; see [15] for the failure of this uniqueness in the GL2{¥) case. One of the key reasons 
that this uniqueness holds is that Tsp^^i^) is commutative. We first explain why in the 
archimedean case the uniqueness proof is done exactly as in the linear case; see [22]. Then, 
in Section 15.11 we move to the non-archimedean case. Our method of proof is a method 
similar to the one in the linear case; see [57], [17] and [8]. In particular, we adapt the 
Gelfand-Kazhdan method to Sp2ni^)] see Theorem 15.41 We use there h >-^'^h, an involution 
on Sp2ni^) which is a lift of h i— t-'^/i, the involution used for the uniqueness proof in the 
symplectic case; see Lemma 15.11 It is somehow surprising to know that r extends r in the 
simplest possible way, i.e., if /i = (/i,e) then Ji = {Ti,e). As mentioned before, the explicit 
computation and crucial properties of r follow from the results proven in Section 12.61 The 
main technical ingredient used for the uniqueness proof is Theorem 15.51 As indicated in the 
proof itself, provided that the relevant properties of r are proven. Theorem 15.51 is proved 
exactly as its linear analog which is Lemma 15.21 

Once the uniqueness of Whittaker model is established we define in Chapter [6] the 
metaplectic Langlands-Shahidi local coefficient 

cf^{P^), 1^, i^Uin) ® a, w) 

in exactly the same way as in the linear case; see Theorem 3.1 of [48]. We note that the 
zeros of the local coefficient are among the poles A^. Furthermore, since by definition 

/3(^,ri, . . .,Tn,a,w) 

the importance of the local coefficients for questions of irreducibility of parabolic induction 
is clear. Using the local coefficients we also define 

7(cj X r, s, ip) = ^ — , 

the 7-factor attached to a, an irreducible admissible genuine -i/j-generic representation of 
Sp2ki^), and r, an irreducible admissible generic representation of GLm(F); see ()6.8p . Here 
and jm,n{^m^) are appropriate Weyl elements. This definition of the 7-factor is an 
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exact analog to the definition given in Section 6 of [53] for quasi-split connected reductive 
algebraic groups. 

Most of Chapter [7] is devoted to the proof of the multiplicativity properties of 7(0" x 
r, s,'i/')- See Theorems 17.11 and 17.21 of Section EH It is the metaplectic analog to Part 3 
of Theorem 3.15 of [53]. This multiplicativity is due to the multiplicativity of the local 
coefficients. The main ingredient of the proof of the multiplicativity is a certain decom- 
position of the intertwining operators; see Lemma 17. 2i This decomposition resembles the 
decomposition of the intertwining operators in the linear case. The only (small) difference 
is that two Weyl elements may carry cocycle relations. Our choice of Weyl elements is such 
that this relations are non-trivial only in the field of real numbers and in 2-adic fields. In 
Lemma [7.4l of Section [7.21 we compute 7(0" x r, s, tp) for principal series representations. Let 
r]i,ri2, ■ ■ ■ , %) 01,02, ■ ■ ■ , otm be n characters of F*. If r is induced from ai, 02, . . . , oim and 
a is induced from r/i, 1^2, • • • , f/fc (twisted by 7^) then there exists c G {±1} such that 

k m 

j(a X r,s,V') = c JJ Jj7("i x , s,Tph{r]i x aj,s,Tp). 
i=i 3=1 

If F is a p-adic field of odd residual characteristic, and r and a are unramified then c = 1. 
This computation is an immediate corollary of Theorems 17.11 and 17. 2[ 

Assume that F is either C, M or a p-adic field. In Sections 18. H 18.21 and 18.31 of Chapter [5] 
we compute the local coefficients for principal series representations of SL2 (F) . In this case 
X, the inducing representation is a character of F* and there is only one non-trivial Weyl 
element. We prove that 



where e'(x, s, V') is an exponential factor which equals 1 if x is unramified, ^ is normalized 
and F is p-adic field of odd residual characteristic. e'(x, is computed explicitly for 
p-adic fields and for the field of real numbers; see Theorems 18.11 18.21 and lemma 18.141 In 

this chapter only we write C^„(x'X'7^\ s) instead of C^^^^^^ (^Bsl2{F), s,X, ( ? V )) ' where 
ipa{x) = ip{ax). This notation emphasizes the dependence of the local coefficient on two 
additive characters, rather then on one in the algebraic case; one is the Whittaker character 
and the second is the character defining 7^. 

Section [8. II is devoted to the p-adic case. In Section [8. 1.1 1 we express the local coefficient 
as the following "Tate type" integral 



Ci>aix^l^ ,s) = J^^^i^ {u)x{u)iJa{u)\\u\\''d*u. 

See Lemma 18. 1[ An immediate corollary of Lemma 18.11 is Lemma 18.31 which asserts that 

C^(x®7v^\s)7V'(«)x(a)||a||'' = C^ai X •(«,•)«> s). 

In light of the computation of C^(x ® 7^^,s) this means that the analytic properties of 
C^^(x ® 1^^,^) depend on a if x^ is unramified. This phenomenon has no analog in the 
linear case. 
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After proving some technical lemmas in Section [8TL2] we compute the "Tate type" inte- 
gral in Section [8. 1.3[ The difficult computations appear in the 2-adic case. The parameter 
that differentiates between 2-adic fields and p-adic fields of odd residual characteristic is 
e(2,F) which is defined to be the ramification index of F over Q2 if F is a 2-adic field and 

if F is of odd residual characteristic. 

In Section [8.21 we compute the local coefficients for 5'L2(M). Since (I^) is commuta- 
tive it follows from the Iwaswa decomposition that the 502(l^)-types are one dimensional. 
This means that the intertwining operator maps a function of i?„ type to a multiple of a 
function of Tl)^ type. Thus, we may compute the local coefficients in a way similar to the 
computation of the local coefficients in the S'L2(M) case. In fact, from a certain point we 
use Jacquet computations (see [21]) which ultimately use the results of Whittaker himself; 
see [70]. 

Section [831 which follows next is short and devoted to the complex case. Since 7^(C*) = 

1 and since 5L2(C) = SL2{C) x {±1} the local coefficients of this group are identical to the 
local coefficients of SL2{C). The SL2{C) computation is given in Theorem 3.13 of [51]. The 
surprising fact is that the SL2{C) computation agrees with the SL2{¥) computations where 
F is either M or a p-adic field. This follows from the duplication formula of the classical F- 
function. 

Section 18.41 is a detailed remark of our choice of parameterization, i.e., our choice to 
compute C^,{x^ "y^^ , s) rather then C^^{x®l^^^s) for some other a S F* (for instance, in 
[7] a = — 1 is used). We explain in what sense our parameterization is the correct one. 

Let F be a p-adic field. In Section 18.51 we show that one can define a meromorphic 
function 7(x, V'? by a similar method to the one used by Tate (see [Hj) replacing to role 
of the Fourier transform with 1— )■ </> defined on the space of Schwartz functions by 

(j){x)= / (j){y)ijj{xy)jj;^{xy)dy. 
Jw 

We Show that 

This is an analog to the well known equality 

We conclude this chapter in Section 18.61 where we prove that if r is a principal series 
representation of GLm(F) then there exists an exponential function c(s) such that 

C/ ' '{Pm-0{¥),S,T,UJ,r, ) = C{s) , . (0.1) 

If F is a p-adic field of odd residual characteristic, tp is normalized and r is unramified then 
c{s) = 1 . This computation uses the S'L2(F) computations given in sections 18. ![ 18.21 and 
18.31 and the multiplicativity of the local coefficients proven is Section I7.lt see Theorem 18.41 

In Chapter [9] we prove a global functional equation satisfied by 7(0" x t,s,iIj). See 
Theorem 19.11 in Section 19. 2[ This theorem is the metaplectic analog to the crude functional 
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equation proven by Shahidi in Theorem 4.1 of [38] (see also Part 4 of Theorem 3.15 of |53|). 
The proof Theorem 19 . 1 1 r eg uir es some local computations of spherical Whittaker functions; 
see Section 19.11 These computations use the work of Bump, Friedberg and Hoffstein; see 
[7]. As a corollary of the Crude functional equation and the general results presented in 
|52| we prove in Section 19.31 that if r is an irreducible admissible generic representation of 
GL^(F) then dOT]) holds. 

In Chapter[10]we use the results of Chapters [7]l9] combined with the Knapp-Stein dimen- 
sion Theorem presented in Chapter H] to prove certain irreducibility theorems for parabolic 
induction on the metaplectic group over p-adic fields. We assume that the inducing repre- 
sentations are unitary. In Theorem 110.11 of Section 110.11 we prove via the computation of 
the local coefficients the irreducibility of principal series representations of Sp2n 0^) induced 
from unitary characters. The method used in Section 110.11 is generalized in Section 110.21 
where we prove the following. 

Let ni,n2, ■ ■ ■ ,nr,k be r -|- 1 non-negative integers whose sum is n. For 1 < i < r 
let Ti be an irreducible admissible supercuspidal unitary representation of GL„ . (F) and let 
a be an irreducible admissible supercuspidal genuine -^-generic representation of Sp2k{^)- 

Denote vr = Tj)) a and /(vr) = Ind^^2^\. Then /(vr) is reducible if and 

only if there exists 1 < i < r such that Tj is self dual and 

7(a X Ti,0,'ilj)-f{Ti,sy 711^,0,11;) / 0. 

Denote now tTj = (j^^^Ti) 0W and /(vTi) = /n d J'^^"'^* '^*' Vj. An immediate corollary of the 
last theorem is that /(vr) is irreducible if and only if /(vr^) is irreducible for each 1 < i < r. 

Let 502n,+i(F) be a split odd orthogonal group and let Pso2n+ii^) t>e a parabolic sub- 
group of 502^+1(1^) whose Levi part is isomorphic to GL„(F). In Lemma 110.21 of Sec- 
tion 110.31 we prove that if r is an irreducible admissible generic representation of GL„ (F) 
then (3{s,T,uj'~^) has the same analytic properties as the Plancherel measure attached to 
502n+i(lF), Ps02„+ii^) and T. An immediate Corollary is Theorem 110.31 which states the 
following. 

Let T be an irreducible admissible self dual supercuspidal representation of GI/„(F). 
Then, Ind^^^^^:^ {•j^^ r) is irreducible if and only if Ind^^'^^^^^^r is irreducible. 

We then list a few corollaries that follow from Theorem 110.31 and from Shahidi's work, 

m- 

Some of the results presented in this dissertation have already been published. The 
main results of Section 12.61 and Chapter [S] appeared in [51] . The main results of Sections 
18.11 and 18.21 were published in [65] . Theorems 110.11 and 110.31 along with their proofs were 
outlined in the introduction of [65]. The main results of Chapters [71 [9] andllOlwere presented 
in Seminar talks in Tel- Aviv University (September 2008), Ohio-State University (October 
2008) and Purdue University (October 2008). 
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1 General notations 



Assume that F either the field of real numbers or a finite extensions of Qp. F is self dual: 
If -0 is a non-trivial (complex) character of F, any non-trivial character of F has the form 
i^aix) = ip{ax) for a unique a £ ¥*. If F = M we define il^{x) = e". 

Let F be a p-adic field. Let Op be the ring of integers of F and let Pp be its maximal 
ideal. Let q be the cardinality of the residue field F = Of/Ff- For b £ Of denote by b 
its image in F. Fix vr, a generator of Pf- Let || • || be the absolute value on F normalized 
in the usual way: ||7r|| = q~^. Normalize the Haar measure on F such that //(Of) = 1 and 

normalize the Haar measure on F* such that d*x = Define 

If I 

e(2,F) = logqpw : 20f] = -logq\\2\\. 

Note that if the residual characteristic of F is odd then e(2, F) = 0, while if the characteristic 
of F is 2, e(2,F) is the ramification index of F over Q2- We shall write e instead of e(2, F), 
suppressing its dependence on F. We also define 

uj = 27r-^ G OJ. 

We shall often be interested in subgroups of OJ of the form 1 -|- P^, where n is a positive 
integer. By abuse of notation we write 1 + Pp = OJ. For X) a character of F*, we denote by 
m{x) its conductor, i.e, the minimal integer such that x(l + Pp*^'^'') = 1- Note that if x is 
unramified then m{x) = 0- Let ip he a non-trivial additive character of F. The conductor of 
■0 is the minimal integer n such that = 1. is said to be normalized if its conductor 

is 0. Assuming that ^p is normalized, the conductor of ipa is Zogq||a~^||. If the conductor of 
■0 is n, we define tpo{x) = ^(xvr"). -00 is clearly normalized. 

For any field (of characteristic different then 2) we define (•, •)f to be the quadratic 
Hilbert symbol of F. The Hilbert symbol defines a non-degenerate bilinear form on F*/F*^. 
For future references we recall some of the properties of the Hilbert symbol: 

1. (o, —a)f = 1 2. {aa , 6)f = (a, 6)f(«', &)f 3. (a, 6)f = (a, —ab)^. (1-1) 
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2 The metaplectic group 



Let F be a local field of characteristic 0. In this chapter we introduce Sp2ni^), the metaplec- 
tic group which is the unique non-trivial double cover of the symplectic group and describe 
its basic properties. Through this dissertation, we realize the metaplectic group via Rao's 
cocycle, |42j . In Section l2.ll we list several notations and standard facts about the sym- 
plectic group and its subgroups. In Section 12.21 we introduce Rao's cocycle and list serval 
of its properties. In Section 12.31 we describe Kubota's cocycle which is Rao's cocycle for 
the SL2{¥) case. Some of the properties of Sp2n{¥) may be proven using the properties of 
5^2 (F). Next, in Section \TM we describe the properties of parabolic subgroups of 5p2n(F), 
which are defined to be the inverse images in 5p2n(F) of parabolic subgroups of S'p2n(F). 
We show that these groups have an exact analog to the Levi decomposition. For p-adic 
fields of odd residual characteristic we give an explicit interesting isomorphism between a 
Levi subgroup and and 

GL„,(F) X GL„,(F) ... X GL„,(F) x Sp2k{¥). 

We do so by proving the existence of functions ^ : F* — )• {±1} with the property ^(a6) = 
^(a)^(6)(a, 6)f. In Section [231 we define the adelic metaplectic group which is the unique 
non-trivial double cover of the adelic symplectic group. We conclude this chapter in Section 
I2.6l where we explicitly compute the unique extension of Rao's cocycle to GSp2n{¥)- We use 
this extension to give a realization of the unique double cover of GS'p2n(F) which extends 
the unique non-trivial double cover of S'p2n(F). In Chapter [5] we use this extension to prove 
certain properties of an involution on S'p2n (F) which plays a crucial role in the proof of the 
uniqueness of Whittaker model for irreducible admissible representations of Sp2n{¥)', see 
Lemma 15.11 



2.1 The symplectic group 

Let F be a field of characteristic different then 2. Let X = F^" be a vector space of even 
dimension over F equipped with < •,• >: X x X ^ ¥, a non degenerate symplectic form 
and let Sp{X) = Sp2n{¥') be the subgroup of GL{X) of isomorphisms of X onto itself which 
preserve < •, • >. Following Rao, [42] . we shall write the action of GL{X) on X from the 
right. Let 

E = {ei,e2, ■ ■ . ,en,el,e*2, . . . ,e*} 

be a symplectic basis of X; for I < i,j < n we have < ei,ej >=< e*,e* >= and 
< Cj, e* >= 6ij. In this base Sp{X) is realized as the group 

{a G GL2n(F) I aJ2na* = J2n}, 

where J2n = ( " ^" ) • Through this dissertation we shall identify Sp2n (F) with this 

\-In o,J 

realization. For < r < n define v,n to be an embedding of S'p2r(F) in S'p2n(F) by 




V c dj 
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where a, b,c,d£ Matrxri^), and define jV,n to be an embedding of Sp2r{^) in Sp2n(^) by 



a b 
c d 



(a b \ 

In — r 

d 

\ -^n — r / 



Let TcLni^) be the subgroup of diagonal elements of GL.„(F), let ZGL„i^) be the group 
of upper triangular unipotent matrices in GL„(F) and let i?GL„(IF) = Tgl„(F) k ZG'i^(F) be 
the standard Borel subgroup of GL„(F). Let Tsp2„ (F) be the subgroup of diagonal elements 
of Sp2ni^) and let Zsp2^(F) be the following maximal unipotent subgroup of Sp2n{^)', 



z b 




where for a G GL.„ we define a = ^cT^. The subgroup i?5p2„(I^) = ^S'P2n(F) ^Sp2,i(F) 
'S'P2n(IF') is a Borel subgroup. We call it the standard Borel subgroup. A standard parabolic 
subgroup of Sp2n(^) is defined to be a parabolic subgroup which contains i?5p2„(F). A 
standard Levi subgroup (unipotent radical) is a Levi part (unipotent radical) of a stan- 
dard parabolic subgroup. In particular a standard Levi subgroup contains Tsp^n^) and a 
standard unipotent radical is contained in Zsp2„^)- 

Let ni,n2, ■ ■ ■ ,nr,khe r+1 nonnegative integers whose sum is n. Put ~t = (ni, n2, 
Let M-^ be the standard Levi subgroup of Sp2ni^) which consists of elements of the form 

[51,52, ...,gr,h] = diag{gi,g2, . . . , 5r, 4, 5i, 52, • • ■ ,grjk)ik,n{h), 

where gi G GLrn{¥),h G Sp2ki¥)- When convenient we shall identify G-L„. (F) with its 
natural embedding in M-^ (F). Denote by P-f (F) the standard parabolic subgroup of Sp2ni¥) 
that contains M-^(F) as its Levi part. Denote by iV-^(F) the unipotent radical of P-j^{¥). 
We denote by Psp2ni^) simply by -P(F), the Siegel parabolic subgroup of S'p2n(IF): 

P(„.o)(F) = { (^J^ ~) I « e GL„(F),6 G Mat„xn(F),6* = a-^fea*}. (2.1) 
Note that M^^.q^{¥) ~ GLn{¥). A natural isomorphism is given by 

5^? = 
Define 

V = span{ei,e2, e^}, V* = span{el,e*2, e* }. 

These are two transversal Lagrangian subspaces of X. The Siegel parabolic subgroup is 
the subgroup of Sp{X) which consists of elements that preserve V* . Let S" be a subset of 
{1,2,..., n}. Define ts, as to be the following elements of Sp{X): 

e^■Ts={ ^ . . , e*-rs=\ . . , (2-2) 
otherwise I otherwise 

. ^1, i € S I — e* i G m o\ 

ei-as= { , , Si ■ as = < . . (2.3) 

otherwise ej otherwise 
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The elements ts^, as^, ts2, commute. Note that as G P(^), a| = l2n, and that 



TS1TS2 = T"SiA52«Sin52; 



(2.4) 



where S1AS2 = SiU S2\Si n 82- In particular r| = as- For S* = {1, 2, . . . , n} we define 
r = Ts, in this case as = —hn- 

Denote by Wsp2„(^) subgroup of 5p2n(^) generated by the elements ts, and w^, 
where 5 C {1, 2, ... , n}, and w-j^ G GLn{¥) is defined by w-j^ij = vr is a permutation 

in Sn. If F is a p-adic field then Ws^^^{¥) is a subgroup of Sp2n{Ow). Note that ^^'^^^^(F) 
modulo its diagonal elements may be identified with the Weyl group of S'p2n(F) denoted 
by Wsp2n(^)- Define Typ_»(F) to be the subgroup of Wsp2„^) which consists of elements w 
such that 

M-^(F)"^ = wM-^{¥)w~^ 

is a standard Levi subgroup and 

w{Zsp2M n M^{¥))w'^ c Zsp,„(F). 

This means that up to conjugation by diagonal elements inside the blocks of M-^(F), we 
have 

w[gi,g2,...,gr,s]w-^ = , 5^72^ • • • ' ' '^l ' (^.5) 
where vr is a permutation of {1, 2, . . . , r}, and where for g G GL„(F), e = ±1 we define 




where 



Vi / 

We may assume, and in fact do, that VFp_»(F) commutes with ik,niSp2k(^))- 

For w G Wp-^{¥), let P-^(F)"' be the standard parabolic subgroup whose Levi part is 
M-^{¥)'^, and let N-^{¥)'^ be its standard unipotent radical. 



2.2 Rao's cocycle 



In [l2], Rao constructs an explicit non-trivial 2-cocycle c(-, •) on Sp{X) which takes values 
in {±1}. The set Sp{X) = Sp{X) x {±1} is then given a group structure via the formula 

(5i,ei)(f2,e2) = [gig2,eie2c{gi,g2)). (2.6) 

It is called the metaplectic group. For any subset A of S'p2n(F) we denote by A its inverse 
image in Sp2n(F). If F is either M or a p-adic field, this group is the unique non-trivial 
double cover of S'p2n(F). It is well known that other classical groups over local fields have 
more then one non-trivial double cover. For example, on GS'p2n(F) one may define a double 
cover by the multiplication law 

(g,ei)(/i,e2) = {gh,eie2{\g,\h)¥), 
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where is the simihtude factor of g. One may also define a double cover via the construction 
given in Section [2.61 The corresponding cocycles are clearly inequivalent. The first is trivial 
on Sp2n(^) X Sp2n^) while the second is an extension of Rao's cocycle. 

We now describe Rao's cocycle. Detailed proofs can be found in [32]. Define 

= {fj G Sp{X) I dim(y* n V*(t) = n- j]. 

Note that P(F) = VLq, ts G and more generally, if a, (3,^,5 G Matnxni^) ^^'^ ^ — 

I " ^ ] ^ Sp{X) then a G Qrank{j)- The Bruhat decomposition states that each Q,j is 

a single double coset in p(w)\^^^^^ p{f)i that flj^ = and that Uj=o ~ Sp{X). In 
particular every element of Sp{X) has the form pTsp\ where p, p' G -P(F), S C {1,2,... , n}. 

Let pi,P2 G i-'(F). Rao defines 

x{piTsP2) = det{pip2 \v*){mod{¥*)'^), (2.7) 

and proves that it is a well defined map from Sp{X) to F*/(F*)^. Note that x{as) = (— 1)'"^'. 
More generally; if p = ^ ~) ^ P{^) then x{p) = det(a). We shall use the notation 
det(p) = det(a). Also note that x{ts) = 1 and that for g € ^j, pi,P2 ^ P{^), 

x{g~^) = x{g){-iy, x{pigp2) = x{pi)x{g)x{p2). (2.8) 

Theorem 5.3 in Rao's paper states that a non-trivial 2-cocycle on Sp{X) can be defined by 

1(1-1) 

c(o-i,a2) = {x{ai),x{a2))^{-x{ai)x{a2),x{aia2))j{{-l)\dF{p))^{-l,-l)j ^ h^{p), 

(2.9) 

where p is the Leray invariant —q{V*,V*ai,V*a2^), d¥{p) and hf{p) are its discriminant, 
and Hasse invariant, and 21 = ji + j2 — j — dim(p), where cJi G rijj, (T2 G Ojj' <^i<^2 G ^j- 
We use Rao's normalization of the Hasse invariant. (Note that the cocycle formula just 
given differs slightly from the one that appears in Rao's paper. There is a small mistake in 
Theorem 5.3 of [12]. A correction by Adams can be found in [33], Theorem 3.1). 

An immediate consequence of Rao's formula is that if g and h commute in Sp2n(^) then 
their pre-image in 5p2n(F) also commute (this may be deduced from more general ideas. 
See page 39 of [38] )• In particular, a preimages in Sp2n^) of a commutative subgroup of 
Sp2ni^) is also commutative. This does not hold for general covering groups; for example, 
using the cocycle constructed in Section [2.61 the reader may check that the inverse image of 
the diagonal subgroup of GSp2n(^) in GSp2n(^) is not commutative. See [l] for the same 
phenomenon in the n-fold cover of GL„(F). 



If F is a local field then Sp2n(^) is a locally compact group. If F is a p-adic field, Sp2n(^) 
is an 1-group in the sense of [8]; since c(-, •) is continuous, it follows that there exists U , an 
open compact subgroup of Sp2n^)-, such that c{U, U) = 1. Thus, a system of neighborhoods 
of {l2m 1) is given by open compact subgroups of the form (V, 1), where F C [/ is an open 
compact subgroup of Sp2ni^)- As an example we describe it explicitly in the 5^2 (F) case; 
see Lemma 12.21 
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From (j2.9p and from previous remarks we obtain the following properties of c(-,-); for 
a, a' G ilj, p,p' E P{¥) we have 

c(a, a-i) = [x{a), {-iyx{a))^{-l, -l)f^ (2.10) 
c{pa,a'p') = c{a,a')[x{p),x{a))^{x{p'),x{a'))^{x{p),x{p'))^{x{pp'),x{aa'))^. (2.11) 

As a consequence of ()2.1ip we obtain 

c{p,a) = c{a,p) = {x{p),x{a))^. (2.12) 
Another property of the cocycle noted in [52] is that 

c{rs„Ts,) = {-l,-l)i^, (2.13) 

where j is the cardinality of SiCi 82- From (j2.4p . (|2.1ip and (|2.13p we conclude that if S 
and 5' are disjoint then for p,p' G P{¥) we have 

c{pTs,Ts'p') = {x{p),x{p'))^. (2.14) 
It follows from (f2J2]) and (fTT]) that 

(p,ei)(a,e)(p,ei)-^ = (pap-\e), (2.15) 

for all (7 G Sp{X), p G -P(F), ei,e G {±1}- Furthermore, assume that p G -P(F), a G Sp{X) 
satisfy upo-^^ G P(F). Then 

{a, ei)ip, e)(cT, ei)"i = {apa~\e). (2.16) 

Indeed, due to (I2.15P and the Bruhat decomposition we only need to show that if tsPTs~^ G 
P(F) then 

c{p,Ts)c{Tsp,Tg^)c{Ts,Ts~^) = 1. 

Define j to be the cardinality of S. From (|2.10p it follows that c(ts, ts~^) = (—1, — 1)^ ^ • 
From (f2l^ it follows that c{p,Ts) = 1. It is left to show that if V*tspt^^ = V* then 

c{Tsp,Ts-^) = {-l,-l)P^. (2.17) 

Recall that the Leray invariant is stable under the action of Sp{X) on Lagrangian triplets; 
see Theorem 2.11 of 1421. Therefore, 



q{V\V*TsP, V*Ts)=q{V*Ts-\V*TspTs-\V*) = q{V*Ts-\V*,V*) 

is an inner product defined on the trivial space. (j2.9p implies now (j2.17p . 
We recall Corollary 5.6 in Rao's paper. For 5 C {1, 2, . . . , n} define 

Xs = span{ei, e* \ i £ S}. 

We may now consider xs and cxs(-, •) defined by analogy with x and c(-, •). Let Si and 5*2 
be a partition of {1,2, . . . ,n}. Suppose that (7i,a[ G Sp{Xsi) and that 0-2, (T2 G Sp{Xs2)- 
Put a = diag{ai,a2), cr' = diag{a'i,a'2)- Rao proves that c{a,a') equals 

cs^{ai,a[)cs2{a2,a'2){xs^{(Ji),xs2{(y2))^{xsA^'i)^xs2W2))^{xs^{(jW^^ 
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From (j2.18p it follows that (s, e) i— )• {ir,n{s),e) and (s,e) i— )■ {jr,n{s),e) are two embeddings 
of Sp2r{^) in S'p2n(IF). We shall continue to denote these embeddings by ir,n and jV,n 
respectively. Note that the map g i— t- (^,1) is not an embedding of GL„,(F) in Sp2ni^), 
although, by (j2.12p . its restriction to Zgl„{^) is an embedding. 



2.3 Kubota's cocycle 

For n=2 Rao's cocycle reduces to Kubota's cocycle, [32] : 

c(9i,52) = {x{gi),x{g2))^{-x{gi)x{g2),x{gig2))f, (2.19) 

where 

b 




For F, a p-adic field of odd residual characteristic it is known (see page 58 of [36]) that 
5^2 (F) splits over 5*^2 (Op), the standard maximal compact subgroup of 5'L2(F) and that 

i2 : 5L2(Of) ^ {±1} 



defined by 

t2 ^\ = J^^'^)^ ° < < ^ 
\c dj 1 1 otherwise 

is the unique map such that the map 

k H> K2{k) = [k, i2{k)) 



is an embedding of 5*^2 (Of) in 5'L2(F). More generally, it is known, see [36] . that if F is a 
p-adic field of odd residual characteristic then Sp2n{^) splits over 5'p2n(0'F); there exists a 
map 

^2n : 5p2n(OF) ^ {±1} 

such that the map 

k ^ K2n{k) = {k,L2n{k)) 



is an embedding of Sp2n{Ow) in 5p2n(F). Since K2 is the unique splitting of 5L2(Of) in 
5L2(F) and since Sp2niOw) is generated by various embedding of 5*^2 (Of) it follows that 
L2n is also unique. 

Lemma 2.1. The restrictions of i2n to P{¥) D S'p2n(OF) and to ^Sp2n(^'^ trivial. 

Proof. Since for odd residue characteristic (0|.,0|.)f = 1 (see Lemma [3.31 for this well 
known fact), we conclude, using (j2.12p . that i2n restricted to P(F)nS'p2n(OF) is a quadratic 
character and hence has the form p i— )• x(det p), where x is a quadratic character of OJ. By 
the inductivity property of Rao's cocycle and by the formula of i2 we conclude that 

t2n{hASL2iOw))nP{¥) = 1. 

Thus X = 1- We now move to the second assertion. We note that the group generated by 
the elements of the form ts is the group of elements of the form TSj^as2, where S, Si, S2 C 
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{1, 2, . . . , n). The group {w^ \ vr E Sn} is disjoint from that group and normahzes it. Hence 
we need only to show that for all Si, S2 ^ {1, 2, . . . , n}, and for all n £ Sn 

The fact that t2niw^CLS2)=^ was proved already. We now show that i.2n{TSi) = 1: The 
fact that for l^il = 1: i2n{'TSi) = 1 follows from the properties of L2 and the inductivity 
properties of Rao's cocycle. We proceed by induction on the cardinality of Si; suppose that 
if I 5i |< / then i2n{TSi) = 1- Assume now that | Si | = / + 1. Write 5i = 5' U 5", where S' 
and 5" are two non-empty disjoint sets. By (j2.13p we have 

i2n(TSi) = L2n{rs')i2n{rs")c{Ts' ,TS'') = 1. 

Finally, 

i2n{uhTaS2'TSi) = l'2n{uhr)l'2n{aS')'^2n{Ts)c{w^,as')c{m„as',Ts) = 1. 

□ 

For all the p-adic fields we have the following lemma; define 

Kn = { f ' ] G SL2{¥) \a,b,c,de PP} 

V c 1+dJ 

Lemma 2.2. c{Kn, Kn) = 1 for all n > 2e + 1. 

Proof. In Lemma 13.31 we prove that 1 + Pp G F*^ for all n > 2e + 1. We shall use this fact 
here. Suppose that g = ^ ) , where aG 1+PS, n> 2e + l. Then, for all h G (F), 

c{g,h) = c{h,g) = {a,x{h))^ = 1. 



since a G F*^ we have 



/ d ad— 1 \ f ^ xw— 1 \ 

It is left to show that for g = c g K^, h = ~ G Kn, where c,z^O, we 



have c{g,h) = 1. Note that 

x{gh) 

If CX + dz = then 



CX + dz CX + dz ^ 

ax + (ad — 1)- CX + dz = 



z z 
c{g, h) = (c, z)f(-cz, ax + {ad - 1)-)f = (c, z)y{-cz, -)f = (-c, -z)^. 

c c 

The fact that c = —^z and that ^ G F*^ implies now that c{g, h) = 1. Suppose now that 
CX + dz ^ In this case 

dz dz 
c{g, h) = (c, z)^{-cz, CX + dz)f = {-cz, x H )f = {-cz, 1 H )f. 

C CX 

Since for all p,m £ ¥*,p / 1, we have {p,m)f = {p, 'p{l — rn)^^, we finally get 

c{g,h) = {l + —,-z\ = l. 

CX X 

□ 
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Assume now that F = R. The group 502(K) is a maximal compact subgroup of SL2( 
and it is commutative. Every k G 5(92 (M) can be written uniquely as 



m 

for some < t < 2tt. We have: 



cos{t) sin{t) 
-sin{t) cos{t) 



1 t^TT 
-1 i = TT 



If k{t) / ±l2 then 



[-1 sm{t) < 

and 

Cikit),-l2)-' = l' 

^ ^ ^ ^ \-l sin{t)<0 
If none of k(ti), k(t2), k{ti)k{t2) equals ib/2 then 

, , J -1 sign{sin{ti)) = sign{sin{t2)) ^ sign{sin{ti +12)) 

c{{k{h),k{t2)) = 

1 otherwise 



SL2{M.) does not split over 502(M). Indeed, Let H be any subgroup of 5^2 (K) which 
contains —l2- Then, there is no /3 : i7 — t- {±1} such that 

P{ab) = c{a,b)p{a)P{b) 

since this function must satisfy 

l = /3((-/2)') =c(-/2,-/2)/3'(-/2) 

or, equivalently, 12) = —1- It is well known, see page 74 of [14j for example, that 
502(M) ~ M/47rZ. We determine all the isomorphisms between these two groups: 

Lemma 2.3. Realize M/47rZ as the segment [0,47r). There are exactly two isomorphisms 
between R/AttZ and 50^(M). One is t H> = {k{t),6{t)), where 9 : R/AttZ {±1} is 
the unique function that satisfies 

e{ti + t2) = e{ti)e{t2)c{k{ti),k{t2)). (2.20) 

The second is t ^ (j){—t). 9 is given by 

fl < t < vr or Svr < i < 47r 
m = { T " ■ 2.21 

[-1 vr < t < Svr 

Proof. Using the cocycle formulas given above, one may check directly that 9 as defined 
in (|2.2ip satisfies (j2.20p . The uniqueness of 9 follows from the fact that any function from 
M/47rZ to {±1} that satisfies ([^T^ must satisfy 9{t) = c(fc(|), . It is now clear that 
(f) is indeed an isomorphism. Let : M/47rZ — )• 502(M) be an isomorphism. Since 4'~^4'' 
is an automorphism of M/47rZ it follows that either (j)~^(j)'{t) = t or (j)^^(j)'{t) = —t. This 
implies (j)'{t) = 4>{t) or = (p{-t). □ 
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2.4 Some facts about parabolic subgroups of Sp2n{^) 



Let F be a local field. By a parabolic subgroup of Sp2ni^) we mean an inverse image of a 
parabolic subgroup of Sp2n{^)- 

Lemma 2.4. Let Q a parabolic subgroup of Sp2ni^)- Write Q = M k N , a Levi decomposi- 
tion. Then, there exists a unique function ji' : N ^ {=tl}; such that n i— >• ^{n) = (n,jj,'{n)) 
is an embedding of N in Sp2ni^)- Furthermore: Q = M k ^{N). By abuse of language we 
shall refer to the last equality as the Levi decomposition of Q. 



Proof. Suppose first that Q is standard. From the fact Sp2ni^) splits over N via the trivial 
section it follows that ^' is a quadratic character of N . Since N = N"^ we conclude that ^' 
is trivial. Using (I2.16P we get Q = M k fJ,{N). Assume now that Q is a general parabolic 
subgroup. Then, Q = {w,l)Q' {w,l)~^ for some w G Sp2ni^), and a standard parabolic 
subgroup Q' . For n £ Q define n' = w~^nw. From the proof in the standard case it follows 
that 

= c{w,n)c{wn .,w~^)c{w~^ .,w) = c{nvu,w—l)c{vu~^,w) 

is the unique function mentioned in the lemma. The fact that Q = M t< fi{N) follows also 
from the standard case. □ 

Lemma 2.5. Let ¥ be a p-adic field. Sp2ki'0)¥) is a maximal open compact subgroup of 
Sp2n (IF) . For any parabolic subgroup Q of Sp2n {^) have 

Sp2n{^) = {Q, l)Sp2k{Ow) = Sp2k{Ow){Q, 1). 

If ¥ is a p-adic field of odd residual characteristic then Sp2n{'^) = Qi^2n{Sp2n{Of)) . 

By an abuse of natation we call the last decomposition an Iwasawa decomposition of 

5p2n(F). 

Proof. This follows immediately from the analogous lemma in the algebraic case. □ 



Let F be a p-adic field of odd residual characteristic. Pick a € {±1} and a quadratic 
character of OJ. Define S,a,x- ^* {±1} by 

Ca,x(e^^"^^) = ax(e)(^,7r)5J(e,7r)F, 

where e G and n £ X. 

Lemma 2.6. Let ¥ be a p-adic field of odd residual characteristic. There are exactly four 
maps ^ : F* — )■ {±1} such that 

e(a5) =C(a)C(6)(a,6)F. (2.22) 

Each of them has the form ^a,x- 



22 



Proof. The reader can check that (,a,x satisfies (j2.22p . We now show that each satisfying 
(j2.22p has this form. Indeed, define a = ^(vr) and define x to be the restriction of ^ to OJ. 
Since (0|.,0|.)f = 1 it follows that x is a quadratic character. We shall show that ^ = Ca,x- 

^(evr^-) = e(e)e(vr2")(e,vr2")F = x(e)C(vr2"), 
It remains to show that 

^{^-) = {n,7r)^ (2.23) 
for all n € N. Since ^(1) = 1 and since 

^(tt^) = f{TT) {it, Tr)w = a^(7r,7r)F = (7r,7r)F, 

it follows that for all n £ Z 

Similarly, ^(vr^'^-^) = ^{tt^''^){-k, tt)^ for ah 7i e Z. This completes the proof of ([2:23]) . 

□ 

Remark: Since F* ~ OJ x Z it follows that F*/F*^ ~ O^/Of x {±1}. Thus, there is 
an isomorphism between the group of quadratic characters of F* and the group of quadratic 
characters of Op x{ibl}. The isomorphism is i— t- {^\o*,f]{7r)Y Since every quadratic 
character of F* has the form ry(6) = rja{b) = (a, b)^, we have proven that every satisfying 
(|2.22p has the form ^ = ^a, where a £¥* and is defined as follows 

ea(e7r2") = (a,e)(^,7rr, 

ea(e^'"+')=ea(evr2")(vr,ae). 

Lemma 2.7. If ¥ is a p-adic field of odd residual characteristic then 



GLn.m X GLn,{¥) ... X GL„,(F) x 5p2fc(F) ~ M^(F). 
An isomorphism is given by 

{9l,92,---,9r,h)^ {jn-k,n (?) A){ik,nW^ ^^a,X (^et g)) , 

where fo r I < i < r, gj_£_GLn,{¥) , g = diag{gi, g2, ■ ■ ■ , gr) G GL„„fc(F), h = (/i,e) G 
Sp2k{^)- In particular, Sp2n^) splits over the Siegel parabolic subgroup via the map 

P ^ (P,^a,x(detp)). 

Proof. Once the existence of a map ^ : F* — )• {±1} satisfying ()2.22p is established, this 
lemma reduces to a straight forward computation. One uses the fact, following from (j2.12p . 
that for p,p' G P{¥) we have 

Ca,x(det(p))Ca,x(det(p'))c(p,p') = Ca,x(det(V)) • 
A closely related argument is presented in Lemma |4.1[ □ 

We shall not use this lemma. 
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2.5 The global metaplectic group 

Let F be a number field, and let A be its Adele ring. For every place of F we denote by 
Fj, its completion at v. We denote by Sp2n{^) the restricted product Sp2n(^v) with 
respect to 

|K2n (5'p2n(OF,j) | V is finite and odd^. 
5p2n(A) is clearly not a double cover of 5p2n.(A). Put 

C'={ll{I,e,)\lle, = l}. 

V V 

We define 

5p2n(A) = C \ S^k) 

to be the metaplectic double cover of S'p2n(A). It is shown in page 728 of [28j that 

fe^ C"]J(A;,1) 



is an embedding of 5'p2n (IF) in Sp2n i^) ■ 

2.6 Extension of Rao's cocycle to GSp(X). 

Let F be a local field. Let GSp{X) be the similitude group of Sp{X). This is the subgroup 
of GL2n(F) which consists of elements which satisfy < vig,V2g >= < vi,V2 > for all 
vi,V2 G X, where Xg G F*. F* is embedded in GSp{X) via 

Using this embedding we define an action of F* on Sp{X): 

{g,X)^g^ = i{X-')gi{X). 

Let F* >< Sp{X) be the semi-direct product corresponding to this action. For g G GSp{X) 
define 

V{9) =[ \ M G Sp{X), 
where5=('' ) G a, /3, 7, 5 G Mai nxn(IF')- Note that g — i{Xg)p{g). The map 

is an isomorphism between GSp{X) and F* x Sp{X). 

We know that we can lift the outer conjugation g ^-^ g''^ of Sp{X) to Sp{X) (see page 
36 of [38]), namely we can define a map vx '■ Sp{X) — t- {±1} such that 

{g,e) ^ {g,e)^ = {g^,€Vxig)) 
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is an automorphism of Sp{X). In l2.6.1l we compute v\. We shall also show there that 

(A,(5,e)) ^(<7,e)^ 

defines an action of F* on Sp{X). Let us show how this computation enables us to extend 
c(-, •) to a 2-cocycle c(-, •) on GSp{X) which takes values in {±1} and hence write an explicit 
multiplication formula of GSp{X), the unique metaplectic double cover of GSp{X) which 
extends a non-trivial double cover of Sp{X). We define the group F* >< Sp{X) using the 
multiplication formula 

(a, [a, ei)) [b, {h, €2)) = {ab, [g, ei)*(/i, €2)) ■ 
We now define a bijection from the set GSp{X) x {±1} to the set F* x Sp{X) by the formula 

T{g,e) = (Ag,(p(5),e)), 

whose inverse is given by 

-i-\\{h,e)) = {i{X)h,e). 

We use I to define a group structure on GSp{X) x {±1}. A straightforward computation 
shows that the multiplication in GSp{X) is given by 

(5,ei)(^,e2) = {gh,vxiSp{9))c{p{g)^'',p{h)eie2). 

Thus, 

Z{g,h) = vx^{p{g))c{p{gf\p{h)) (2.24) 

serves as a non-trivial 2-cocycle on GSp{X) with values in {±1}. We remark here that 
Kubota, [32] (see also [H]), used a similar construction to extend a non-trivial double cover 
of 5'L2(F) to a non-trivial double cover of GL2{^). For n = 1 our construction agrees with 
Kubota's. 



2.6.1 Computation of v\{g) 

In [3] Barthel extended Rao's unnormalized cocycle to GSp{X). One may compute vx{g) 
using Barthel's work and Rao's normalizing factors. Instead, we compute v\{g) using Rao's 
(normalized) cocycle. Fix A G F*. Since {g,e) 1— )• {g,e)^ is an automorphism, vx satisfies: 

vx{9)vx{h)vx{gh) = 

c{g,h) 

We shall show that this property determines Vx- 
We first note the following: 

5/ VO a / I VO aj J \0 a J 

For 5 C {1, 2, . . . , n} define as{X) G P(F) by 

e^■as{X) = \ . ,e*as{X) = \ / . . (2.27) 

e,- otherwise e,- otherwise 
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Note that as = as{—l)- One can verify that 

T^ = as{X)Ts = Tsas{X~^). (2.28) 

Since x(^as{X)) = A''^', we conclude, using (|2.26|) . (|2.28|) . the Bruhat decomposition and the 
properties of x presented in Section [2.21 that ftj = fij, and that for g G Qj 

x{g^) = X^x{g). (2.29) 

Lemma 2.8. For p G -P(F), g G Qj we have 

vx{p)vx{g)vx{pg) = {xip),X^)^ (2.30) 

and 

v\{g)vx{p)v\{gp) = (x(p),A^)jp (2.31) 

Proof. We prove (f230D only. (fOB follows in the same way. We use ^(TM . ([232]) . (i2:29]l 
and (fTTD : 

r w w ^ V'g^) (^(/).^(g^))F (^(p),^(g)A-^')ip , 

..(P)..(.)..(P.) = = (,(,),,(,))^ = (,))^ = 

□ 

Lemma 2.9. There exists a unique tx G F*/F*^ such that for all p G P(F).- 

vx{p) = {x{p),tx)^. 

Proof. Substituting p' G P(F) instead of g in (|2.3U|) we see that i'aIp(f) is a quadratic 
character. Since Nn-oi^), the unipotent radical of P(F) is isomorphic to a vector space over 
F, it follows that A^ri-o(F)^ = A^n-o(F). Thus, v\ I is trivial. We conclude that vx\„m is a 
quadratic character of GL„(F) extended to P(F). Every quadratic character of GL„(F) is of 
the form g i— t- x(det((7)) , where x is a quadratic character of F*. Due to the non-degeneracy 
of the Hilbert symbol, every quadratic character of F* has the form xi^) = (o^5^x)if' where 
t^ G F* uniquely determined by x up to multiplication by squares. □ 

Lemma 2.10. For a G we have 

vx{cr) = {x{(7),txX^)^Vx{Ts), 

where S C {1,2, ... ,n} is such that \S\ = j. In particular, if \S\ = \S'\ then vxijs) = 
vx{ts')- 

Proof. An element a G has the form a = prgp' where p,p' G -P(F), | 51= j. Substituting 
g = Tsp' in (j2.30p yields 

vxiprsp') = vx{p)vx{tsp'){x{p),X^)^. 
Substituting g = ts and p = p' in (j2.3ip yields 

vxirsp') = vx{ts)vx{p'){x{p'),X^)^. 
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Using the last two equalities, Lemma [2^91 and (jl.ip we obtain 

V\{pTsp') = {x{pp),txX^)p,Vx{Ts). 

Since IS"! = |5'| implies pTsp~^ = ts', for some p E i'(F), the last argument shows that 
vx{ts) = vx{ts'). □ 

It is clear now that once we compute tx and vx{ts) for all 5 C {1, 2, . . . , n} we will find 
the explicit formula for vx- 



Lemma 2.11. tx = \ and vx{ts) = (A, A) ^ 



S|(|S|-1) 

F 



Proof. Let A; be a symmetric matrix in G-L„(F). Put 



Pfc = ( G P(F), M G iV„;o(F), 

and note that x(nfc) = 1, x{pk) = det(A:), and that 

THkT = n_f,-iTpk. (2.32) 

We are going to compute vx{T)vx{nkT)vx{TnkT) in two ways: First, by Lemma [2. 101 and by 
([O^ we have 

vx{T)vx{nkT)vx{TnkT) = Vx{T)vx{T)vx{n_k-lTPk) = Vx{n_k~lTpk). 

Since 

x{TnkT) = x{n_j^-iTpk) = det(A;), (2.33) 
we obtain, using Lemma [2.101 again . 

vx{r)vx{nkT)vx{TnkT) = [det{k),tx\'^)^vx{T). (2.34) 

Second, by ()2.25p we have 

vx{T)vx{nkT)vx{TnkT) = ^ ' ^ \ (2.35) 

c(r^, (nfcr)^) 

Recall that r = T|i 2...,n}- We shall compute the two terms on the right side of (j2.35p . 
starting with c{T,ni^T): Let p and I be the factors in (|2.9p . where ai = t, (72 = n/^T. Since, 

q{V\V*T,V*{7ikr)-^) =q{V*,V,V*{-l2nrn_k)) =q{V\V,Vn^k). 

We conclude that p = k, I = 0. Using ()2.9p . and ()2.33p we observe that 

c(t, UkT) = {-l,det{k))^h^{k). (2.36) 

We now turn to c[t'^ , [nkr)'^): Let p and / be the factors in (12. 9p . where 0"i = r^, 
0-2 = (n^r)^. Note that by (|2^ and ([l^HD, (n^r)-^ = nxk>^hnT, hence 



y*r\ ((n^r)^)-') = g(y*, ^n.^fc). 
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Thus, p = mk, I = 0, and we get 

c(r\(?lfcT)^) = {x{\l2n),x{\hn))f{-l,x{T^{nkTf))^h^{Xk). 

We recall (|2.32p and note now that 

Hence, c{T^,{nkT)^) = (A", A")f(-1, A*^ det(A:))p/iF(AA;), or, using (fTTj) : 

c(r\ Kr)^) = (-1, det(/c))p/iF(AA;). (2.37) 
Using ([23^1) . (|235]) . (|236]) and (12371) we finally get 

^,(r)(det(A:),t,A"), = M^. (2.38) 

Ti { n — 1 ) 

By substituting k = In in (12.380 . we get va('7") = (A, A)]jr ^ . We can now rewrite (|2.38|) as 

{dem,t^XX = ^^{X,X)^ - . (2.39) 

In order to find tx we note that for any y G F* we can substitute ky = diag{l, 1, . . . , 1, y) in 
([TBg]) and obtain 

(ra-l)(ra-2) n(n-l) 

(y,tAA")F = (A,A)p ^ (A,Ay)r'(A,A)^ ^ . 

For both even and odd n this is equivalent to (?/,A)f = iy,ix)¥- The validity of the last 
equality for all y € F* implies that tx = A(mo(i(F*)^) . 

We are left with the computation of vx{ts) for S C {1,2, .. . ,n}. For such 5, define 
ST G Sp{Xs) by analogy with r G Sp{X). We can embed Sp{Xs) in Sp{X) in a way that 
maps 5T to r5. We may now use ()2.18p and repeat the computation of vx{t). □ 



Joining Lemma 12.101 and Lemma 12.111 we write the explicit formula for vx- For g £ 
we have 

vx{g)={x{g),X^+\{X,Xy-^. (2.40) 

One can easily check now that vx{g)vr^{g^) = vx-q{g), and conclude that the map (A, (g, e)) i— 
{g,e)^ defines an action of F* on Sp{X), namely that [{g,€)^)^ = {g,e)^'^. 

Corollary 2.1. Comparing (|2.4Up and (|2.1Up . keeping (|l.ip in mind, we note that 

v.i{g) = v^i{gX = c{g,g~'). (2.41) 



This fact will play an important role in the proof of the uniqueness of Whittaker models 
for Sp{X), see Chapter [5l 
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3 Weil factor attached to a character of a second degree 



Let F be a local field. More accurately, assume that F is either M, C or a finite extension of 
Qp. In this chapter we introduce 7^, the normalized Weil factor associated with a character 
of second degree of F which takes values in {±^,±1} C C* . This factor is an ingredient 
in the definition of genuine parabolic induction on 5'p2n(F). We prove certain properties 
of the Weil factor that will be crucial to the computation the local coefficients in Chapter 
[HI We also compute it for p-adic fields of odd residual characteristic and for Q2- The Weil 
factor is trivial in the field of complex numbers. In the real case it is computed in [50]. It 
is interesting to know that unless F is a 2-adic field 7^ is not onto {±1, iti}. 

Let iphe a, non-trivial character of F. For a E F* let 7,/, (a) be the normalized Weil factor 
associated with the character of second degree of F given by x 1— t- ipai^'^) (see Theorem 2 of 
Section 14 of j69j). It is known that 

7^(a6) = 7^(a)7v,(6)(a,6)F (3.1) 

and that 

7^(fe') = l,7v>(afe') = 7^(a), 7' (a) = 1- (3-2) 
From Appendix A-1-1 of [10] it follows that for F = M we have 

T*.fe) = f . (3.3) 
\—sign{a)t y <0 

(recall that for F = R we use the notation iphix) = e^^^). Unless otherwise stated, until the 
end of this chapter we assume that F is a p-adic field. It is known that 

7^(a) = Nh ^^^(^2)^, > (3-4) 

see page 383 of [7] for example. These integrals, as many of the integrals that will follow, 
should be understood as principal value integrals. Namely, 

7^(a) = ||a||2— f ,f2\^ ■ (3-^) 

For a € F* define c^(a) = J^ip{ax'^) dx. With this notation: 

7v(a) = l|a||^c^(a)c;^^(l). 

Recall the following definitions and notations from Chapter [TJ e = e(F) = [Of : 20f], 
u = 27r~*^ e OJ. If X G Of then x is its image in the residue field F. 

Lemma 3.1. 1 + F^''+^ C F*^ l + <^ F*^ 

Proof. The lemma is known for F of odd residual characteristic, see Theorem 3-1-4 of [7T] 
for example. We now assume that F is of even residual characteristic. The proof of the first 
assertion in this case resembles the proof for the case of odd residual characteristic. We 
must show the for every 6 G 1 -|- P^'^"''^ the polynomial fh{x) = x^ — h ^ Of[x] has a root in 
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F. This follows from Newton's method: By Theorem 3-1-2 of [7T]) it is sufficient show that 

f (-[ ] 

WjTT^W < 1, and it is clear. We now prove the second assertion. Pick b € such that the 
polynomial 

Pb{x) = x'^ + ujx — 6 G ¥[x] 

does not have a root in F. Such a polynomial exists: The map x i— )■ 4>{x) = x"^ + lox 
from F to itself is not injective since (j){0) = (piuJ) and since uJ 0. Therefore, it is not 
surjective. Thus, there exists b € such that x'^ + Ux ^ b for all x £ ¥. Define now 
y = 1 + ftvr^^ G 1 -I- P|^. We shah see that y ^ F*^. It is sufficient to show that there is no 
xq G Of such that Xq = y. Suppose that such an xq exists. Since Xq — 1 = (modPp) it 
follows that xo is a root of 

f(x) = x^ - 1 = (x - 1)2 G F[x]. 

This polynomial has a unique root. Thus, we may assume xq = 1 -|- avr^ -|- cvr'^"'"^ for some 
A; > 1, a G OJ, c G Of. If /e < e then 

xg = 1 + a^^" + c'vr^'^+i 

for some c' G Of- Hence Xq / y. If /c > e then 

x2 = l+a;a7r*^+'= + cV+'^+i 

for some c" G Of- Again Xq ^ y. So, k = e and 

x2 = l + (a2+a;a)^2e^^///^2e+i 

for some c'" G Of- Since we assumed that Xq = y it follows that + coa = b. This 
contradicts the fact that pb{x) does not have root in F. □ 

Lemma 3.2. Assume that ip is normalized. For a G Oj^ we have 

7^(a) = c-\l)(l + Y,q^ f ^(7r-2Va)dx) (3.6) 



7^(vra) = q-h^\l)(l + J2Q'' f V'^'-'^x^a) dx) (3.7) 

^ n=i % ^ 

7^'(a) = c;i(-l)(l + ^g" /"^V-'(vr-2Va)dx) (3.8) 

n=l -^^F 

7^'(vra) = (?-^c;^(-l)(l + X]<?" / ^-i(7ri-2n^2^)dx) (3.9) 

n=l ■^'O'f 



Proof. In order to prove (|3.6p and ()3.7p . it is sufficient to show that 

c^(a) = 1 + V g" /" V(7r"^"x2a) dx (3.10) 
n=i J% 



and that 

e+l 



avr 



1 + Vg"/ V(^^"^"a;2a) dx. (3.11) 

n=i -^o; 
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We prove only the first assertion. The proof of the second is done in the same way. For 
a £ we have 



c^(a) = / ip{ax ) dx + / i{j{ax )dx 

'\\x\\>l 

oo ^ oo 



= 1 + y / ^{ax'^)dx = l + y" q'' ^(avr^^ V) dx. 

It remains to show that for n > e we have J^* ip{a7r~'^^x'^) dx = 0. Indeed, by Lemma |3.H 
for every u E P^'^"''^ we may change the integration variable x i— )• x\/l + u and obtain 



Jo; Jo; 
Hence 

Jo; Jpf +^ Jo; 

Jo; VJp^+i y 

For n > e the last inner integral vanishes. To prove (|3.8p and p.9p note that |7^(a)| = 1 
implies 7^(0)""'^ = 7^, (a) and since is defined via integrations over compact sets we have: 

7^^(a) = ||a||^c^(-a)c;^^(-l). 

□ 

Since 7^ is determined by its values on and vrOp the last lemma provides a de- 
scription of 7^ for normalized ip. Furthermore, there is no loss of generality caused by the 
normalization assumption; recalling the definition of 7^ and (j3.ip we observe that 

7^(«) = !!°^r-"n? =7^0 («)(«. ^")f- (3.12) 

(recall that in Chapter [T] we have defined tpo{x) = Tp{xn^), where n is the conductor of ip. 
■00 is normalized) 

Lemma 3.3. Assume that -0 is normalized. 

1. -i^{uk) = 7^(fe) for all k €0'^,u £ 1 + Ff. 

2. 7^(m) = 1 for alluel + Ff. 

3. (l + p2e^O|.)F = l. 

4- The map x 1— t- (x,7r)iF defined on 1 + P|^ is a non-trivial character. 



Remark: A particular case of the first assertion of this lemma is the well known fact 
that that (Op,Op)F = 1 for all the p-adic fields of odd residual characteristic. 
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Proof. Due to (|3.6p . to prove the first assertion it is sufficient to show that 

for all k,x G OJ, u G 1 + n < e and this is clear. The second assertion is a particular 
case of the first. The third assertion follows from the first and from (j3.1|) . We prove the 
forth assertion. By Lemma 13.11 we can pick n G 1 + which is not a square. By the 
non-degeneracy of the Hilbert symbol, there exists x G F* such that {x,u)y = —1. Write 
X = TT^k for some n £ Z, k £ OJ. Then, by the third assertion of this lemma we have 
— 1 = {x,u)y = (7r,ti)F". Thus, n is odd and the assertion follows. □ 



The last two lemmas will be sufficient for our purposes, i.e., the computation of the local 
coefficients in Chapter [51 However, for the sake of completeness we prove the following: 

Lemma 3.4. Suppose ¥ is of odd residual characteristic. If the the conductor of is even 
then for a G we have: 

7^(a) = 1 (3.13) 

[-7^(7r) a^¥ 
If the the conductor of tp is odd then for a G we have: 

f 1 a G F*2 

7^(a) = < , „ (3.15) 
^ [-1 a^F*2 

7^(7ra) = 7v.(vr). (3.16) 

Also 

, , 1 v^— . 9. f-1 -I 4 F*"^ and the conductor of ih is odd f|±l| -1 G F*^ 

^ 1 otherwise i±i} -1 ^ F*^ 

where ij: is the character of¥ defined by ipix) = ipo{7r~^x). 



(3.17) 



Proof. The fact that (Oj^,Oi^)F = 1 for all the p-adic fields of odd residual characteristic 
combined with the non-degeneracy of the Hilbert symbol implies that for a G Oj^ we have 



1 a G F*2 



(a,7r)F=< , 9. (3.18) 

^ ^ 1-1 a^F*2 ^ ^ 



It follows that 

7^(7r)^ = 7^(7r^)(7r,7r)F = (vr, -1)f 

This implies that 



1 -1gF*2 
-1 -1^F*2 



f{±l} -1gF*2 
\{±i} -1^F*2' 
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By (j3.18p and ()3.12p it is sufficient to prove the rest of the assertions mentioned in this 
lemma for normahzed characters. In this case (|3.13p is simply the second part of Lemma 
13.31 (|3.14p follows now from (j3.ip . (|3.13p and (|3.18p . It remains to prove that if is 
normalized then 

Indeed, by (j3.7p and by (j3.10p we have 



Note that 



for all x € Of, y G 1 + Pp. This shows that -0 is well defined and that 



x'eo;/i+PF 



x^) 



□ 

Lemma 3.5. Let ip he a non-trivial character 0/Q2. Denote its conductor by n. Assume 
that a G Oq . We have ip{a2^~'^) G {±i}. Also, if n is even then 



while if n is odd we have 



7^ (2a) 



V'(-2' 



a = 1 mod 4 



7^ (2a) = 7^(2) 



n-2^ 



1 



V^(-2"-2) 

-1 

-V'(-2"-2; 



-1 mod 4 

a = 1 mod 8 
a = —1 mod 8 
a = 5 mod 8 
a = —5 mod 8 



1 a = 1 mod 8 

V'(-2"-2) a = -1 mod 8 

— 1 a = 5 mod 8 

-V'(-2"-2) a = -5 moc/ 8 

1 a = 1 mod 4 

V'(-2"-2) a = -1 mod 4 



Finally, 



7^(2) = Y 



V^'0(2 



n-3^ 



+ ^(2"-2) 



G{±1} 



(3.19) 



(3.20) 



(3.21) 



(3.22) 



(3.23) 
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Proof. The computation of the Hilbert symbol for Q2 is weh known (see Theorem 1 of 
Chapter 3 of [l5] for example). For a G Oq^ we have 

I 1 a = ±1 mod 8 
(2,a)Q. = \ ^ (3.24) 
1—1 a = ±5 mod o 

Note that from (jl.ip it follows that for any field of characteristic different then 2 we have 

(2, 2)f = (2, -1)]F = (2, -(1 - 2))p = 1 (3.25) 

These facts, combined with (|3.12|) imply that it is sufficient to prove this lemma with the 
additional assumption that ip is normalized. From (j3.10p it follows that if a E Oq^ then 

c^(a) = 1 + 2/ 'ip{]-x^a)dx. (3.26) 
Jo; 4 

Next note that for any x G O^^ 

^|;{^x\) = ^l:i^). (3.27) 

Indeed, [O^^ : 1 + Pq^] =| Q2* \= 1- Thus, O^^ = 1 + Pq^. Therefore, for any x G O^^ 
there exists t S Pqj such that x = 1 + 1. This implies that 

V.(ix2a) = ^(|)^(| + ^)=V(^). 
(|3:26]1 and ([3:271) imply now that 

By Lemma [3^1 71/1(0^^) is determined on Oq^/I +Pq2- Since {±1} is a complete set 
of representatives of Oq^/I + Pq^, (jS.lQp will follow once we show that is a primitive 
fourth root of 1. Since ■^^(l) = ^/^(^) it is sufficient to show that V'(^) = ~1- Since V'^(^) = 1 
and since ip is normalized we only have to show that for x G Oq^ we have = '0(^)- 

Write x = l + t, where t G Pq^. We have: = V'(|)(|) = V'(^)- d^:^ follows now from 

(i3T9]l and from (ISlMjl . 

We now prove (|3.23p . From (j3.25p it follows that in any field of characteristic different 
then 2, 7^(2) = 1. From ([HT]) and (^?M it follows that 

, , 1 + En=i 2" /o; V'(2^-2"x2)dx 
= V2(l + ^(|)) • 

We have already seen that ?/;(iO|j ) = — 1. This implies 



7^(2) 
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We now show that ip{^x'^) = for all x E O^^ and conclude that 

7^(2) 



Indeed, for x € Oq^ we write again x = 1 + m, where m G ^Q2- With this notation: 
= ^^(1)^(2^)^(111). We finally note that if ||m|| = i then V(^) = V'(^) = -1 
and if ||m|| < i then V(^) = = 1- □ 

The last two lemmas give a complete description of 7^ for p-adic field of odd residual 
characteristic and for F = Q2- From Lemma 13.41 it follows that for F, a p-adic field of odd 
residual characteristic we have 

, , , [2 if -1 e F*2 , , 

7^ F* = <^ _ (3.28) 

Note that in the case where —1 G F*^ we must conclude that 7^ is one of the four functions 
^a,x described in Lemma 12.61 Combining ()3.28p with ()3.3p we observe that if F is either M 
or a p-adic field of odd residual characteristic then 7^ is not onto Lemma 
shows that there exists a 2-adic field such that the cardinality of 7^(F*) is 4. 
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4 Some facts from the representation theory of Sp2n{^) 

Let F be a p-adic field. Throughout this section we hst several general results concerning 
the representation theory of 5p2n(F). Although Sp2n(^) is not a linear algebraic group, its 
properties enable the extension of the theory presented in [60] , [67] , [8] , and [9] . Among these 
properties are the obvious analogs of Bruhat, Iwasawa, Cartan and Levi decompositions and 
the fact that Sp2ni^) is an 1-group in the sense of [8]. These properties are common for 
n-fold covering groups. 

We first note that since Sp2ni^) is an 1-group we have the same definitions of smooth 
and admissible representations as in the linear case; see page 18 of [1] or page 9 of [72] for 
example. We shall mainly be interested in smooth, admissible, genuine representations of 
Sp2n{^)- A representation {V,W) of Sp2ni^) is called genuine if 

a{l2k, -1) = -Idv- 

It means that a does not factor through the projection map Pr : Sp2ni^) — ^ Sp2ni^)- Same 
definition applies to representations of M-^{¥). 

4.1 Genuine parabolic induction 

For a representation {t,V) of GLn{¥) and a complex number s we denote by ^g-j the 
representation of GLn{¥) in V defined by 

<7^ II det{gWT{g). 

Put 't = (ni,n2, ... ,nr; k), where k + Yll=i = Let (ri, Vr^), {t2, Ka), • • • , (^r, KJ be 
r representations of GL,„^ (F), GLn^ (F), . . . , GL„^(F) respectively. Let (a, V^) be a genuine 
representation of S'p2fc(F). We shall now describe a representation of P-^{¥) constructed 
from these representations. We cannot repeat the algebraic construction since generally 

m7(F) ^ GL„,(F) X GL„,(F) . . . x GL„,,(F) x Sp2k{¥) 

(these groups are isomorphic in the case of p-adic fields of odd residual characteristic, see 
Lemma l2.7p . Instead we define 

by 

{<^i=iiy^ ^ Ti{s,))) ^o^(jn-fc,n.(?),l)(«fc,n(/i),e)) = 7^^ (det(5r)) ri(,^) (fifj )) 0a(/i,e), 

(4.1) 

where for 1 < i < r, 5i G GL„.(F), g = diag{gi,g2, ...,gr) G GL„_fc(F), h G 5p2fc(F) and 
e G {±1}. When convenient we shall use the notation 

tt{^) = (®Li(7^'®ri(..))) ®^ (4-2) 
TT = 7r(0). 

Lemma 4.1. 7r("s^) is a representation of M-&{¥). 
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Proof. Let a = (j„-fc,n(?), l) («fc,n(/i), e) and a' = {jn-k,n{9')A) {ik,n{^'),e') , where for 
1 < i < r, gi,g[ G GL„^(F), g = (img(ffi,g2, • • • ,gr) , g' = d iag{g[, g'2, . . . , g'^) G GL„_fe(F), 
G 5^2^(1^) and e,e' G {±1} be two elements in M-^(F). It is sufficient to show that if 
V = {(dl^iVi) w is a pure tensor in {<Silz[Vr^) then TT{a'a)v = 7r(a') (7r(a)?;) . Indeed, 



^(aO(vr(a)t;) = {det{g))y\detig')) (^(^'^^^ Ti{g'^)Tiigi)v,j ®a{h',e')a{h,e)w. 

Due to (f2l2]l . for G P(F) we have 

^-\dei{p))^-\dei{p'))c{p,p') = ^-\dei{pp')). (4.3) 
Recalhng that a is genuine we now see that 



7r(a')(vr(a)v) = ee'-i^^{dei{gg'))c{jn^kA9')^jn^kA9))c{h',h)\^®'[^^Ti{g[^^^ 

(4.4) 

Next, we note that since (jn-fc.n(9'0> l) and (ik,n{h),e) commute we have 

a'a = (jn-k,ni99'), l) (ik,n{^'h), ee'c{h', /i)c( (5' ),Jn-fc, «(?))) ■ 
()4.4p imphes now that 7r(a'a)f = 7r(a') (7r(a)t') . □ 

As in the hnear case we note that if ri, r2, . . . , and a are smooth (admissible) rep- 
resentations then 7r{~^) is also smooth (admissible). Due to (j2.16p it is possible to extend 
ttC?) to a representation of P-^(F) by letting (A^-^(F), 1) act trivially. 

Assuming that ti,T2, ■ ■ ■ ,Tr and a are smooth we define smooth induction 



I{7r{-t)) = /(n(,,),r2(,,), . . . ,T,(,^), a) = Ind^K{-t) (4.5) 



and 



/(vr) = Iin,T2, ...,Tr,a)= Ind^K. (4.6) 

All the induced representations in this dissertation are assumed to be normalized, i.e., if 
(vr, V) is a smooth representation of H, a closed subgroup of a locally compact group G, 
then Ind^ir acts in the space of all right-smooth functions on G that take values in V 

and satisfy f{hg) = ^J'^^^'^{h)f{g), for all h £ H,g ^ G. Whenever we induce from a 
parabolic subgroup (a pre-image of a parabolic subgroup in a metaplectic group) we always 
mean that the inducing representation is trivial on its unipotent radical (on its embedding 
in the metaplectic group). 

We claim that if the inducing representations are admissible, then vr("^) is also admis- 
sible. Indeed, the proof of Proposition 2.3 of [9] which is the p-adic analog of this claim 
applies to 5p2n(F) as well since it mainly uses the properties on an Z-group; see Proposition 
4.7 of [72] or Proposition 1 of |T]. 

Next we note that similar to the algebraic case we can define the Jacquet functor, replac- 
ing the role of Zsp2n(^) with (Z5p2^^(F), 1). The notion of a supercuspidal representation 
is defined via the vanishing of Jacquet modules along unipotent radicals of parabolic sub- 
groups. The (metaplectic) Jacquet functor has similar properties to those of the Jacquet 
functor in the linear case; see Section 4.1 of |T] or Proposition 4.7 of [72]. This similarity 
follows from the fact that {Zsp2„^)^ 1) is a limit of compact groups. 
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4.2 An application of Bruhat theory 

Let ~t = (ni, n2, . . . ,nr;k) where ni,n2, ■ ■ ■ ,nr,k are r + 1 non- negative integers whose 
sum is n. Recah that Wp_^(j^-^ is the subgroup of Weyl group of Sp2n{^) which consists of 
elements which maps M-^(F) to a standard Levi subgroup and commutes with ik,niSp2k{^))j 
see Section [2711 

Lemma 4.2. For l<i<r let gi he an element of GLmi^) and let {h,e) be an element of 
Sp2k{^)- Denote again g = diag{gi, g2, . . . ,gr) G GL„_fc(F). For w G VFp_»(F) we have 

{w, 1) {jn-k,n{9)^ l) («fc,n(M> e) (w, 1)"^ = (u;jn-fc,n(?)w^~\ l) 

Proof. This follows from (j2.16|) and from the fact that w commutes with h. □ 

For 1 < i < r let Tj be an irreducible admissible supercuspidal representation of (F). 
Let W be an irreducible admissible supercuspidal genuine representation of Sp2k{^)- Then, 

7r= (®Li(7^^®T-,)) »a 

is an irreducible admissible supercuspidal genuine representation of M-^(F). For w € 
Wp_>(]p-) denote by vr"' the representation of M-^(F)'" defined by 

(m,e) ^ 'k{{w, iy^{m,e){w, 1)). 

Exactly as in the algebraic case, see Section 2 of [9], I (it) and /(vr"") have the same Jordan 
Holder series. 

Recalling (j2.5p . we note that due to Lemma 1^72] and the fact that 7^(0) = 7^(a~^) we 
have 

((®Ll7^^ ® Ti(s,)) ® ^) ((^i', 1)"^ (in-fe,n(?), l)(«fe,n(/l), e)) (^i', 1)) (4.7) 

= 7-i(det(<7))«=i|| det(<7.)ir»^»T/^')(ftM/i,e), 

where for 1 < i < r, ^.j € GL„^(F), 5- = diag{gi, g2, ■ ■ ■ , gr) G GL„_fc(F), /i e 5'p2fc(IF), 

e G {±1} and where Tj;'''\gi) = J _ ^ , where t~^ [uJngiUJn)tw is to be 

[ri[{uJngi(^n) ei = -l 

understood via the identification of GLn-{¥) with its image in the relevant block of M^. 
Hence, it makes sense to denote by tt^ the representation 

Note that rj^ ~ Ti, where 7^ is the dual representation of r; see Theorem 4.2.2 of [6] for 
example. 

Define W{-k) to be the following subgroup of Wp_^(^y. 

W{Tr) = {we W^P_.(F) I vr"' ~ ir}. (4.8) 

vr is called regular if W{7r) is trivial and singular otherwise. Bruhat theory, [4], implies the 
following well known result : 
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Theorem 4.1. If tt is regular then 



Hom^^{l{7^),I{7^))^C. (4.9) 

See the Corollary in page 177 of |21] for this theorem in the context of connected 
algebraic reductive p-adic groups, and see Proposition 6 in page 61 of [1] for this theorem 
in the context of an r-fold cover of GLn{¥). This theorem follows immediately from the 
description of the Jordan-Holder series of a Jacquet module of a parabolic induction; see 
Proposition Theorem 5 in page 49 of |T]. This Jordan-Holder series is an exact analog to 
the the Jordan-Holder series of a Jacquet module of a parabolic induction in the linear case. 
The proof of Proposition Theorem 5 in page 49 of [1] is done exactly as in the linear case. It 
uses Bruhat decomposition and a certain filtration (see Theorem 5.2 of [2j) which applies to 
both linear and metaplectic cases. An immediate corollary of Theorem 14.11 is the following. 

Theorem 4.2. Let ~t = (ni, n2, . . . , n^; k) where ni, n2, . . . , Ur, k are r + 1 non-negative 
integers whose sum is n. For 1 < i < r let Ti be an irreducible admissible supercuspidal 
representation of GLm (F) . Let a be an irreducible admissible supercuspidal genuine repre- 
sentation of Sp2k{¥) ■ Denote tt = {'S'i^ii'j^^ 'S'Tj)) ® a. //rj ^ tj for all 1 < i < j < n and 
Ti 7^ Tj for all 1 < i < j < n then (|4.9p holds. If we assume in addition that Ti is unitary 
for each 1 < i < r then /(tt) is irreducible. 

Proof From (j4.7p it follows that vr is regular. Thus, (j4.9p follows immediately from Theorem 
14. 1[ Note that since the center of Sp2k{¥) is finite a is unitary. Therefore, the assumption 
that Ti is unitary for each 1 < i < r implies that vr is unitary. Hence /(vr) is unitary. The 
irreducibility of /(vr) follows now from (j4.9p . □ 

4.3 The intertwining operator 

Let ni, 77-2, . . . , Ur, k be r+1 nonnegative integers whose sum is n. Put ~t = (ni, n2, . . . , n,.; k). 
For 1 < i < r let (Tj,Vj-.) be an irreducible admissible representation of GL„.(F) and 
let {a,Va) be an irreducible admissible genuine representation of 5'p2/c(F). Fix now w G 
Wp^{¥). Define 

N^JF) = Zsp,A¥) n {wN^i¥)-w-'), 
where A^^(F)~ is the unipotent radical opposite to A^-^(F), explicitly in the Sp2n(¥) case: 

N^{¥)- = J2nN^i¥)J^^\ 

For g G Sp2n{¥) and / G /(7r(^)) define 

A,,f{g)= [ f{{{wt^),irHn,l)g)dn, (4.10) 

where t^ is a particular diagonal element in (F) n W^^^ (F) whose entries are either 1 
or -1. The exact definition of will be given in Chapter [Gj see (j6.5p . The appearance of 
tuj here is technical. 

As in the algebraic case (see Section 2 of |48J) the last integral converges absolutely in 
some open set of C and has a meromorphic continuation to C^. In fact, it is a rational 
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function in q'^^ ,q^^ , . . . , q^^ . See Chapter 5 of [T] for the context of a p-adic covering group. 
We define its continuation to be the intertwining operator 

: /(n(,^),r2(,,), . . . ,r,(,^),a) ^ I {{rll]) {r%) ^^^^^^y i^iZ]) ^,^,^y ^) 
Denote 't'" = (eiSi,e2S2, . . .,erSr) and ((8)[=iTi)'" = (^[^ir^jj). 

4.4 The Knapp-Stein dimension theorem 

We keep the notation and assumptions of the first paragraph of Section 14.21 From Theorem 
14.11 it follows that outside a Zariski open set of values of {q^^ , . . . ,q^'') G (C*)\ 

This implies that for every wq € Wp^ (F) there exists a meromorphic function f3{~^ , ti, . . . ,Tr, 
such that 

A-w-'-Awo = (^'^{'^,Tl,---,T'n,0',Wo)Id. (4.11) 

Remark: In the case of connected reductive quasi-split algebraic group this function differs 
from the Plancherel measure by a well understood positive function; see Section 3 of [5l] 
for example. For connected reductive quasi-split algebraic groups it is known that if (with 
addition to all the other assumptions made here) we assume that ri , . . . , , a are unitary 
then /5("^, Ti, . . . , Tr, a, Wo), as a function of ~^ is analytic on the unitary axis. This is (part 
of) the content of Theorem 5.3.5.2 of [60] or equivalently Lemma V.2.1 of [67]. The proof 
of this property has a straight forward generalization to the metaplectic group. 

Let Sp_>(p) be the set of reflections corresponding to the roots of Tsp2„i^) outside 
M-^(F). VFp_>(p) is generated by Sp_>(p). Following [58] we denote by W"{Tr) the subgroup 
of W{7r) generated by the elements w € Sp_,(p') n W{7r) which satisfy 

/3(lf ,ri, . . . ,r„,,CT,'u;) = 0. 
The Knapp-Stein dimension theorem states the following: 

Theorem 4.3. Let ~t = (ni, n2, . . . , n^; k) where ni, 77-2, . . . , Ur, k are r + 1 non-negative 
integers whose sum is n. For 1 < i < r let Ti be an irreducible admissible supercuspidal 
unitary representation of GLn^i^)- Let a be an irreducible admissible supercuspidal genuine 
representation of Sp2k{^)- We have: 

Dim{Hom{L{7r),L{7r)) = [W{tt) : W"{tt)]. 

The Knapp-Stein dimension theorem was originally proved for real groups, see [31j . 
Harish-Chandra and Silberger proved it for algebraic p-adic groups; see [58], [59] and [60j . 
It is a consequence of Harish-Chandra's completeness theorem; see Theorem 5.5.3.2 of [60j . 
Although Harish-Chandra's completeness theorem was proved for algebraic p-adic groups 
its proof holds for the metaplectic case as well; see the remarks on page 99 of [11]. Thus, 
Theorem 14.31 is a straight forward generalization of the Knapp-Stein dimension theorem to 
the metaplectic group. The precise details of the proof will appear in a future publication of 
the author. We note here that the theorem presented in [58j is more general; it deals with 
square integrable representations. The version given here will be sufficient for our purposes. 
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5 Uniqueness of Whittaker model 



Let F be a local field and let -0 be a non-trivial character of F. We shall continue to denote 
by the non-degenerate character of Zsp^^i^) given by 



From Em it follows that Zsp^^iJ) ~ Zsp^^iF) x {±1}. We define a character of Zsp^,^^) 
by {z,e) I— )• eip{z), and continue to denote it by ip. We shall also denote by ^p the char- 
acters of Zgl^(f) identified with (^fc,n(jm,fc(^GL™(F))) , l) and of Zsp2fe(IF) identified with 
'i'k,n{Zsp2k{'^)) J obtained by restricting as a character of Zsp^^C^)- 



Let (tTjVt^) be a smooth representation of Sp2n(^) (of GL„(F)). By a -0- Whittaker 
functional on vr we mean a linear functional w on Vj^ satisfying 

w[7r{z)v) = 'il){z)w{v) 



for all V G z G Zsp2„(^)iZGL„i^))- Define Wn-,^ to be the space of Whittaker functional 
on vr with respect to ijj. If F is archimedean we add smoothness requirements to the definition 
of a Whittaker functional, see [22] or [47j . vr is called -^-generic or simply generic if it has 
a non-trivial Whittaker functional with respect to V- If w is a non-trivial ■(/'-Whittaker 
functional on {7r,V) then one may consider 1^^(71,-0), the space of complex functions on 
5p2n(F) (on GLn{¥)) of the form 

g ^ w{TT{g)v), 



where v G V. Ww{7r, i/j) is a representation space of Sp2n(¥){ of GL„(F)). The group acts on 

this space by right translations. It is clearly a subspace of In d^^'^"^^) ip (of Indbl^^^V^^il)). 

From Frobenius reciprocity it follows that if vr is irreducible and dim(VF7r^^) = 1 then 

W^(7r,'i/') is the unique subspace of In d^^^"^^} ip (of In(^i^"'^Vf,^'ij;) which is isomorphic to 

vr. In this case we drop the index w and we write Ty(7r, if)). One can identify vr with W{tt^ ip) 
which is called the Whittaker model of vr. 

For quasi-split algebraic groups, uniqueness of Whittaker functional for irreducible ad- 
missible representations is well known, see [57], |17] and [8] for the p-adic case, and see [22] 
and j57] for the archimedean case. Uniqueness of Whittaker models for irreducible admis- 
sible representations of Sp2ni'¥) is a well known fact to the experts. Although this fact had 
been used many times, there is no written proof of this uniqueness in general (a uniqueness 
theorem for principal series representations in the case of p-adic fields can be found in [7] ) . 
In this chapter we correct the situation and prove 



Theorem 5.1. Let tt be an irreducible admissible representation of Sp2ni^)- Then, 

dim(W^,^) < 1. 



We note that uniqueness of Whittaker model does not hold in general for covering 
groups. See the introduction of [2] for a /c fold cover of GL,i(F), see [5] for an application 
of a theory of local coefficients in a case where Whittaker model is not unique and see [15] 
for a unique model for genuine representations of a double cover of GL2(F). 
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Uniqueness for SL2 (M) was proven in [66] . To prove uniqueness for Sp2n for general 
n, it is sufficient to consider principal series representations. The proof in this case follows 
from Bruhat Theory. In fact, the proof goes almost word for word as the proof of Theorem 
2.2 of [22] for minimal parabolic subgroups. The proof in this case is a heredity proof in 
the sense of [33] ■ The reason that this, basically algebraic, proof works for Sp2n(^ as well 
is the fact that if the characteristic of F is not 2 then the inverse image in Sp2n(F) of a 
maximal torus of Sp2n(^) is commutative. This implies that its irreducible representations 
are one dimensional. Uniqueness for 5p2n(C) follows from the uniqueness for S'p2n(C) since 
Sp2niC) = Sp2n{C) X {±1}. However, the p-adic case is not as easy. Although it turns out 
that one may use similar methods to those used in [17], [57], and [8] for quasi-split groups 
defined over F, one has to use a certain involution on 5p2n(F) whose crucial properties 
follow from the results of Section 12.61 

5.1 Non-archimedean case 

Until the rest of this Chapter, F will denote a p-adic field. We may assume that the 
representations of 5p2n(F) in discussion are genuine, otherwise the proof is reduced at once 
to the well known 5p2n(F) case. 

Theorem 5.2. /f (vr, is an irreducible admissible representation of Sp2n{^) then, 

dim(W^,^)-dim(Ty^,^-i) < 1. 

The proof of Theorem 15.21 will show: 

Theorem 5.3. Suppose (tt, T4-) is an irreducible admissible representation of Sp2ni^)- If 
from the existence of a non-trivial Whittaker functional on vr with respect to tp one can 
deduce the existence of a non-trivial Whittaker functional on n with respect to ip'^ , then 
dim(W^,^) < 1. 

Corollary 5.1. //(vr, V^) is an irreducible admissible unitary representation of Sp2n{^) 
then dim(VF7r,^) < 1. 

Proof. We show that the conditions of Theorem 15.31 hold in this case. Indeed, if (vr, V^) is 
an irreducible admissible unitary representation of S'p2n(F) one can realize the dual repre- 
sentation in the space which is identical to 14- as a commutative group. The scalars act 
on by A • = Xv. The action of tt in this realization is given by 7T{g) = TT{g)- It is clear 
now that if L is a non-trivial Whittaker functional on vr with respect to ip then L, acting 
on V^, is a non-trivial Whittaker functional on vf with respect to Tp~^. □ 

Since every supercuspidal representation vr is unitary, it follows from Corollarv 15.11 that 
dim(W7r ,^,) < 1. Furthermore, assume now that vr is an irreducible admissible representation 
of 5p2n(F). Then vr is a subquotient of a representation induced from a supercuspidal 
representation of a parabolic subgrou|): Let H he a parabolic subgroup of 5p2n(F). We 
may assume that H = -P-^(F) where t = (ni, n2, . . . ,nj.]k). Suppose that for 1 < f < r, 
is a supercuspidal representation of GL„^(F), and that vr' is a supercuspidal representation 
of Sp2k (F) . Denote by ipi and ip' the restriction of ip to ^gl„ . (IF) and Zsp^,, (F) respectively. 
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embedded in Mh- Note that dim(PFo-,,^J < 1 and that dim(W,r',i/)') < 1- Let r be the 
representation of Mh defined by 

{diag{gi,g2, ■ ■ . ,gr,h,^g~^,^g~\, . . .,^g^^),e) ^ 0lz[<7i{gihi,{det gi) 7r{h, e), 

We extend r from Mjj to H, letting the unipotent radical act trivially. Define Ind^^"^^\ 
to be the corresponding induced representation. One may use the methods of Rodier, [13] . 
extended by Banks, [2], to a non-algebraic setting and conclude that 

<iMW ,) = dim(W^,,^,)nndim(W,^,^J. 



Now, if V2 ^ Vi C Ind^^"^'' T are two Sp2n(^) modules then clearly the dimension of 
the space of Whittaker functionals on Vi and V2 with respect to ip is not greater then 
dim(VF^ ^^^^{v) It follows now that dim(W7r,^) < 1. This is due to the exactness of 

twisted Jacquet functor (this is a basic property of twisted Jacquet functor. It is proven for 
the algebraic case in 5.12 of [5]. The proof given there continues to hold in the metaplectic 
case; see page 72 of [68] for example). Thus, we proved Theorem 15. 1[ 



5.1.1 Proofof Theorem [572] 



Define the following map on Sp2ni^)- 

g^^g = ao{^g)a^^, (5.1) 

where ao=(^° , e„ = ^^^(l, -1, 1 • • • , (-1)"+') G GL„(F). 

We note that ctq^ = = ao, and that ao G GSp2n{^), with similitude factor -1. Hence, 
g ^ '^g is an anti-automorphism of order 2 of Sp2n{^)- We now extend r to Sp2n(^)- A 
similar lifting was used in [15] for GL2{F). 

Lemma 5.1. The map {g,e) 1— )■ ^{g,€) = (^5,e) is an anti- automorphism of order 2 of 
Sp2n(^)- It preserves both Zsp2n{'^) ^^^^ ^ '^'^^ satisfies '^(5p2n(IF), e) = (5p2n(IF), e) . 

Proof. We note that if g G Sp2n{^) then '^g = Jg~^{—J). Hence, 

en 0\ f-In 0\ _i 0\ /e„ 



^ VO e„) V InT V /„ / V Cr 
Thus, the map 

(.g,e) ^ (^g,ec{g,g-^)v^i{g~^)c{p^,g)c{p^g,p-^)c{p^,p^^)), 
where Pe = i^J! ^ I G -P, 9 = f 5" ? I f | is an anti-automorphism of 

\0 CnJ ' \ InJ ^ \ InJ 

Sp2ni^)- We now show that 

c{g,9'^)v-i{g''^)c{pe,g)c{peg,p~^)c{pe,p'^^) = 1. 

Indeed, the fact that c{pe,g)c{peg,p~^)c{pe,p~^) = 1 is a property of Rao's cocycle and is 
noted in (I2.15p . The fact that c{g, g~^)v-i{g~^) = 1 is a consequence of the calculation of 
v\{g) and is noted in l2.41[ The rest of the assertions mentioned in this Lemma are clear. □ 
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Let S [Sp2n{'^)) be the space of Schwartz functions on Sp2n{'^)- For h G Sp2n{'^), 
(j) G S[Sp2n{'^)) we define X{h)cl), p{h)(j), and '^(f) to be the following elements of S[Sp2n(^))- 

{pm){g) = cPigh), {Xm){g) = <P{h-'g), ~m = (5.2) 

S{Sp2n^S) is given an algebra structure, called the Hecke Algebra, by the convolution. 
Given (vr,!^-), a smooth representation of 5p2n(IF), we define, as usual a representation of 
this algebra in the space by 

TT{ct))v=l (l){g)TT{g)vdg. (5.3) 

The following theorem, known as Gelfad-Kazhdan Theorem, in the context of GL„(F) 
(see [17] or [H]), will be used in the proof of Theorem 15.21 

Theorem 5.4. Suppose that D is a functional on S{^Sp2n{^)) satisfying 

D{X{zi)p{z2)<P) =HZ2Z^')D{<P) 

for all (j)^ S [Sp2n{'^)) , zi,zi£ Zsp2n{^)- Then D is T invariant, i.e., D{J<j)) = D{(j)) for all 
cPeS{Sp2nm). 



We will give the proof of this Theorem in 15.1.21 Here we shall use this theorem to prove 
Theorem 15.21 



Proof. Since any irreducible admissible representation of Sp2n{^) may be realized as a 
dual representation, the proof of Theorem 15.21 amounts to showing that if W^,^ 7^ then 
dim(W5f ,^-1) < 1. We shall use a similar argument to the one used in [61], Theorem 2.1. 
Let w he a non-trivial Whittaker functional on (vr, T4-) with respect to ip. Suppose wl and 
W2 are two non-trivial Whittaker functionals on vf with respect to The proof will be 

achieved once we show that wl and 102 are proportional. 

For (f) E S[Sp2n{^)), let 7r*{cl))w be a functional on defined by: 

{tt*{(I))w)v = 4>{g)w{TT{g~^)v) dg. (5.4) 

■JSp2n(¥) 

Note that since (j) G S[Sp2n{'^)), Tr*{4>)w is smooth even if w is not. Thus, ■k*{(I))w G V^. 
By a change of variables we note that 

^{h){-K*{(p)w) =^*{X{h)(l))w. (5.5) 

Define now Ri and R2 to be the following two functionals on S(^Sp2n{^)\- 

R^{(t>) = wl{7r*{^)w), i = l,2. (5.6) 

Using (|5.5|) . the facts that w, wl, W2 are Whittaker functionals, and by changing vari- 
ables we observe that for all z G •^Sp2n (^) 

R.,{Xiz)<P) =iP~\z)Ri{<P), Ri{p{z)<l)) =^{z)Ri{<l)). (5.7) 



44 



From Theorem 15.41 it follows now that Ri{(j)) = Riijcj)). Hence, 

Wi{^h)TT*{,p)w) =wll^*(^{\{h)^))wy (5.8) 
Using a change of variables again we also note that 

n*(^{\{h)(t))^w = T:X4>){^*(Jh)w). (5.9) 
Joining ()5.8p and ()5.9p we obtain 

wl{^{h)T:*{(l))w) =wl{T:*i^(l)){Ti*Ch)w)Y (5.10) 



In particular, if for some (j) G S(ySp2n^)) : 'n'*{(f>)w is the zero functional, then for all 
h £ Sp2n(¥): 

Wi{Tr*{^^){7r*{~h)w)) =0. 



In this case, for all / G S(^Sp2n{^))- 

= wi( i f{h)wi U* ("(/.) (vr* (^h)w) ) Y (5.11) 

By the definition of ■7r*{4>)w and by changing the order of integration, we have, for all v € V^: 
[_ fih)wJn*C<p){7r*Ch)w))iv)dh = nCcl)){7T*if)w)iv). (5.12) 



(lETTD and (fET2|l yield that if t:*[4>)w = then for all G K, / e 5(5p2n(F)): 

7l^(5f(>)(7r*(/)w;))(i>) =0. (5.13) 
From the fact vr is irreducible one can conclude that 



Indeed, since vr* \S{S'p2n^S)j'^ is an Sp2n^) invariant subspace we only have to show that 
{s{S'P2n^)^w 7^ {0}, and this is clear. 

Hence, using a change of variables once more we see that for all ^ G V^f we have 
O = u^(^(~0)^) = I ~^{g-^)w,{^{g-^i))dg. 



For g E Sp2n{^) define ^g =^g-^, and for 4> G S{Sp2n{^)) define '^(j){g) = <j){^g). We have 
just seen that if TT*{(j))w = then 

{{^r{^<P))uH = 0. (5.14) 



This fact and the fact that tt* (Sp2nW)) j w = show that the following linear maps 
are well defined: For i = 1,2 define Si : ^ by Si[Tr* {(l))w) = [{tt)* {'^ (l)))mi. One can 
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easily check that Si and S2 are two intertwining maps from vr to h 1— )• TT(^h~^). The last 
representation is clearly isomorphic to /i 1— )• vrC^/i"^), which due to the irreducibility of vr is 
irreducible. Schur's Lemma guarantees now the existence of a complex number c such that 
52 = cSi. So, for all (j) £ S[Sp2n{^)) and for all ^ G V^: 

/ <P{g){wi - cwi)(TT{g~^)^)dg = 0. 

We can now conclude that wl and W2 are proportional. □ 



Remark: Let vr be a genuine generic admissible irreducible representation of Sp2n(^)- 
Assume that vf is also generic (by Corollary 15.11 this assumption holds if vr is unitary, in 
particular if vr is supercuspidal). Then, from the last step in the proof just given, it follows 
that 

vf ~ /i vrC/i""^). 

In page 92 of |38j a similar result is proven for vr, an irreducible admissible representation 
of Sp2ni^) provided that its character is locally integrable. Recently, Sun has proved this 
result for any genuine admissible irreducible representation of Sp2ni^), see |63j . 



5.1.2 Proof of Theorem [5141 



Put G = Sp2n(^) and define H = Zsp2„(^) x Zsp2„{^)- Denote by ip be the character of 
H defined by ^(ni,n2) = ^(n]~^n2). H is acting on G by (ni,n2) ■ g = nign^'^ . For g & G 
we denote by Hg the stabilizer of g in H. It is clearly a unimodular group. Let Y be an 
H orbit, that is, a subset of G of the form H ■ g = Zsp2„^)gZsp2n^)-, where 5 is a fixed 
element in G. Let SiY) be the space of Schwartz functions on Y . H acts on S{Y) by 

{h-(P){k) = (l){h-^ ■k)i>-\h). 

With this notation, the proof of Theorem 15.41 goes almost word for word as Soudry's 
proof of Theorem 2.3 in [61]. The main ingredient of that proof was Theorem 6.10 of [8] 
which asserts that the following four conditions imply Theorem 15.41 

1. The set {{g,h ■ g) \ g G G,h £ H} is a union of finitely many locally closed subsets of 
GxG. 

2. For each h £ H there exists h- £ H such that for all g £ G: h-'^g = '^{hr ■ g). 

3. r is of order 2. 

4. Let y be an orbit. Suppose that there exists a non zero functional on S(Y), satisfying 
D{h-(t)) = D{(t)) for all G S{Y),h G H, then ~Y = Y and for all (j) G S{Y), D{~^) = D{4>). 

Of these four conditions, only the forth requires some work. In order to make Soudry's 
proof work in our context we only have to change Theorem 2.2 of [61] to 

Theorem 5.5. Fix g £ G. If for all h G Hg we have ip~^{h) = 1 then, there exists £ H 
such that ■ g = '^g and ip'^{h) = 1. 

Before we prove this theorem we state and prove its analog for Sp2ni^)- After the proof 
we give a short argument which completes the proof of Theorem 15.51 
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Lemma 5.2. For a fixed g G Sp2n^) one of the following holds: 

A. There exist ni,n2 G Zsp2n{^) such that nign2 = g and ilj{nin2) / 1. 

B. There exist ni,n2 £ Zsp2ni^) such that nign2 = ^g and 'ip{nin2) = 1. 

(in fact this lemma gives the uniqueness of Whittaker model in the linear case) 

Proof. Due to the fact that r preserves both Zsp^^{¥) and ^, it is enough to prove this 
lemma only for a complete set of representatives of Zsp^ (^)\^^^"^^^ Zsp^ (^)- recall 
the Bruhat decomposition: 

Sp2n{¥) = U Z5p,jF)T5p,„(F)^i;Zsp,„(F). 

We realize the set of Weyl elements as 

{w^Ts \cr £ Sn, S C {1,2,... ,n}}, 

where for a G 5„, we define Wo- G GL„(F) by {wa)ij = 8i^a{j)-, a^id = ^ ) ^ 

Sp2n(^)- Thus, as a complete set of representatives of Zsp^ (^)\'^^^"^'^''/-Zsp2 (F) we may 
take 

{d^^w-^^S I d G T, a G Sn, 5 C {1, 2, . . . ,n}}, 

where ips = Ts'^as'^ = i^")' "^^^^^ ^ - i^'^' • • • ^'^s G Matnxn{F) is 

defined by iMs)^^ = Sij6i<^s- 

Denote by Wk the k x k invertible matrix defined by {wk)i,j = Suppose that 

ki,k2, ■ ■ ■ , kp, k are non negative integers such that k + X]f=i ~ Suppose also that 
oi, 02, . . . , ap G F*, and r] G {±1}- For 

Wa = diag{wk^,Wkj^, . . . , -w^p , 4 , '"^fci , Wfci , • • ■,Wkp,Ik), (5.15) 



■ ,ap^(^kp,vh), (5.16) 

(5.17) 

Thus d^-^w^-^ifs is of type B. 

We shall show that all other representatives are of type A: We will prove that in all the 
other cases one can find ni,n2 G Zsp2„{^) such that 

Wadnid^^w"^ = (psn2^(p^^ , (5.18) 

and 

V'(nin2) / 1. (5.19) 



d = diag{aiekj,a2ek2,---,apekp,r]h,ai efcijOj e^a,-- 
and S = {n — k + l,n — k, . . . ,n} one checks that 
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We shall use the following notations and facts: Denote by Ep^q the n x n matrix defined by 

n}, i ^ j we define the root subgroups of Sp2n (IF) : 

j" '^^'A \ x€ F}^F, (5.21) 

U J 

Hi < j we call Uij a positive root subgroup. If j = z + 1 we call Uij a simple root subgroup, 
and if J > i + 1 we call Uij a non-simple root subgroup. We call U-^j = Uj^i the negative of 
Uij. Sn acts on the set {Uij \ i,j G {1,2, . . . ,n}, i / j} by 



{-^p,q)i,j — ^p,i^q,j- For 


i,j G {1,2,.. 




= {uijix) = 




= {vi,j{x) = 




= {Vi^i{x) = 



WaUiJ {x)w„ ^ = U^{i),a{j) (x) , (5.23) 

and on the set {Vij \ i, j £ {1,2, . . . , n}} by 

w„Vij{x)w~^ = ?^^(i),a(j)(x). (5.24) 
T acts on each root subgroup via rational characters: 

duij{x)d~^ = Uij{xdid~^), (5.25) 

and 

dvij{x)d~^ = Vij{xdidj), (5.26) 
where d = diag{di,d2, ■ ■ ■ , dn, d^^ ,d2^ , ■ ■ ■ , d~^). We also note the following : If i € then 

^PsVi,i{x)ipg'^ = Vi^i{x), (5.27) 

if i £ S,j ^ S then 

(psvij{x)ipg'^ = Uij{x), (5.28) 

\i i £ S, j £ S,i ^ j then 

sUij{x)<f'^^ = Uijix) (5.29) 

and ifi^S,j^S,i^j then 

^sUi,j{x)^s^ = Uj^i{-x) =^Uij{x) ^. (5.30) 



Consider the representative d~ w'^ ips- Assume first that S is empty. Suppose that 
there exists a simple root subgroup Uk.k+i that a takes to the negative of a non-simple 
root subgroup. Then we choose ni = Uk^k+i{x), n2 = *Uo-{fc),cr(fe+i)(f^fedfc4.i2;)- For such a 
choice, by (f^fsHD . and ([SlSn]), ([^TTH]) holds. Also, since V'(f^i"'2) = ^(ni) = i^{x), it 

is possible by choosing x properly, to satisfy (|5.19p . Suppose now that there exists a non- 
simple positive root subgroup Uij that a takes to the negative of a simple root subgroup. 
Then, we choose ni = Uij{x), n2 = *u„f^j^^„f^j-^{did~^x), and repeat the previous argument. 
Thus, (i~^ItJ^^(/70 is of type A unless cr has the following two properties: 1) If a takes a simple 
root to a negative root, then it is taken to the negative of a simple root. 2) If a takes a non- 
simple positive root to a negative root, then it is taken to the negative of a non-simple root. 
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An easy argument shows that if a has these two properties, Wa must be as in (jS.lSp with 
= 0. We assume now that Wa- has this form. To finish the case S" = we show that unless 
d has the form ()5.16p . with /c = and ki,k2, ■ ■ ■ ,kp corresponding to uJo-, then d~^w~^ipfif 
is of type A. Indeed, suppose that there exist dk and dk+i that belong to the same block 
in Wa, such that 4 / -dfc+i- Then, we choose ni = Uk,k+i{x), n2 = Ua{k),a{k+i){dkd^lix) . 
For such a choice, as before, (|5.18|) holds, and ^(nin2) = ^l^[x{l + (ifcd^^;^)) • Therefore, it is 
possible, by choosing x properly, to satisfy (j5.19p . 

We may now assume \S\> 1. We show that \in ^ S then d~^w~^<fs is of type A. Indeed, 
if cr(re) G S, in particular 0"(n) ^ n, then for all x S F, if we choose ni = Vn,n{x)-, n2 = 
Ua{n),cT{n){-xdl), by ([Oip . (fOSj) . and (fOT]) . ([ETH]) holds. Clearly, there exists x E F such 
that ^p{nln2) = ipirii) = 'ip{x) ^ 1. Suppose now that n ^ S ^ and that (T{n) ^ 5". In 
this case we can find 1 < k < n — 1 , such that 

a{k) G 5, and ct(/c + 1)^8. (5.31) 

We choose 

= Uk,k+i{x), n2 = Va^k),a{k+i){-xdkd~l{). (5.32) 

By (|5.23p . (|5.25p and (|5.28p . (|5.18p holds, and since ip{nin2) = ip{ni) = ^^{x), we can satisfy 
()5.19p by properly choosing x. We assume now n £ S. We also assume a{n) S S, otherwise 
we use the last argument. Fix ni = Vn^n{x), n2 = va{n), a{n){—xd'^). One can check that 
by (I52D, (lOHD . and (fCT]) . (f5Tk]) holds. Note that 



ip{nin2) 



X f ("■) 7^ 

j;(d^ — 1) cr{n) = n 



hence unless cr(n) = n,dn = ±1, d^^w~^ips is of type A. We now assume cr{n) = n,dn = ±1. 
If 5 = {n}, we use a similar argument to the one we used for 5" = 0, analyzing the action 
of cj on {1, 2, 3, . . . , n — 1} this time. 

We are left with the case cr{n) = n,dn = ±1, S 2 {'^l- If '^('^ — 1) ^ 5 we repeat an 
argument we used already: We choose 1 < fc < n — 2, ni, n2 as in (|5.3ip and (j5.32p . We 
now assume a{n — 1) G 5. We choose ni = Un~i,n{x), ?i2 = Ug.(-„_]^) „(— 2;(i„,_id~^). Using 
(fOSl) . (fOSl) and ([091) we observe that (f538|) holds. Also, 



i){nin2) 




a{n — 1) ^ n — 1 
1) cr(n — 1) = n — 1 



Thus, unless a{n — 1) = n — 1 and d„_i = dn = ±1, (i^-'^IZJ"^^?^ is of type A. Therefore, we 
should only consider the case o"(n) = n, a{n — 1) = n — 1, dn-i = dn = ±1, {n — l,n} C S. 
We continue in the same course: If S* = {n — l,n} we use similar argument we used for 
S = 0, analyzing the action of a on {1, 2, 3, . . . , n — 2}. If 5 3 {n — 1, n} we show that 
unless a{n — 2) = n — 2g5 and dn-2 = dn-i = c^n = il we are in type A etc'. □ 



We now complete the proof of Theorem 15.51 We Define types A and B for 5'p2n(F) by 
analogy with the definitions given in Lemma 15.21 and show that each element of 

\ 5p2n(F) / 
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is either of type A or of type B. Given g = {g, e) G Sp2n(^)-, if 9 is of type A then there 
are ni,n2 G Z5p2^(F) such that nign2 = g and ip{nin2) ^ 1. Let n7 = (nj,l). Clearly 
nign2 = g and ip{nin2) = 'ip{nin2) 7^ 1- If 5 is not of type A then by Lemma 15.21 it is of 
type B: There are ni,n2 G Zsp2„(^) such that nign2 = ^g and ip{nin2) = 1- Define n7 as 
before. Note that tpinifl^) = ■i/'(nin2) = 1. From Lemma l5.ll it follows that nign2 g. 
This proves Lemma 15.21 for Sp2n(^)^ which is Theorem 15.51 
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6 Definition of the local coefficient and of ^{a x r, s, ij]) 



Unless otherwise is mentioned, through this chapter F will denote a p-adic field. We shall de- 
fine here the metaplectic analog of the local coefficients defined by Shahidi in Theorem 3.1 of 



for connected reductive quasi split algebraic groups. Let ni, n2, . . . , n^, /c be r+l nonneg- 
ative integers whose sum is n. Put t = (ni , n2 , • • • , n,. ; /c) . Let (ri , ) , (7"2 ■, H-2 )^ ■ ■ ■ ■.{'^r, Vr,- ) 
be r irreducible admissible generic representations of GL„j (F), GL^j (F), . . . , GL„^ (F) re- 
spectively. It is clear that for Si G C, Tn^g.-^ is also generic. In fact, if A is a ■0-Whittaker 
functional on (tj, V^J it is also a ■0-Whittaker functional on (Ti(s.),VVj. Let (a, Vg^) be an 
irreducible admissible -(/'-generic genuine representation of Sp2k(^)- Let 

/(7r(^)) = /(ti(^j),T2(^2),. . . ,rr.(^^),a) 

be the parabolic induction defined in Section 14.11 Since the inducing representations are 
generic, then, by a theorem of Rodier, [53], extended to a non algebraic setting in [2], 
/(7r("^)) has a unique -i/^-Whittaker functional. Define A^-i,^,, A^-j,^, . . . , A^-^^^ to be non- 
trivial ^/;-Whittaker functionals on V-r^^Vr^, ■ ■ ■ iVrr respectively and fix A^,^, a non-trivial 
■0-Whittaker functional on V^- Define 

^ ) ~ jn—k{di(ig[en^ , 6^2 ) • • • ; ^rir i ^rii i £712 ) • • • j ^rir); 

where as in Section [S.l.H e„ = diag(^l, —1,1 {—1)^^^) G GL„(F). We fix J2n as a 
representative of the long Weyl element of Sp2n{^) and 

/ i\ 

UJn = 

Vi / 

as a representative of the long Weyl element of G-L„(F). We now fix 

Wl 

Jn—k,n 

{diag{e 

as a representative of the long Weyl element of P-^(F). We also define 

w'iit)=Wi(t)J2n. (6.1) 



Note that w'i{ t ) is a representative of minimal length of the longest Weyl element of Sp2n{'^) 

modulo the Weyl group of M-^{¥). It maps the positive roots outside M-&{F) to negative 

— > 

roots and maps the positive roots of M^(¥) to positive roots. The presence of e( t ) in the 

— > — >■ 
definition of wi{ t ) and ( t ) is to ensure that 



V'(K(t),l) \{w\Ct),l))=iP{n) (6.2) 



for all n £ M-^ (F)*"* ( * ^ n Zsp2„ (F) (the reader may verify this fact by p.l6p and by a matrix 
multiplication). Consider the integral 



lim 

r— >-oo 



7V-^(P-'-)- 



.iA,^,^-i)® A^,^)(/(^/;K^),l) \n,l)^^p-\7i)d7i. (6.3) 
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By abuse of notations we shall write 

/ ((®LiA.„^-i) ® A^, J l)-\n, l))^p-\n) dn. (6.4) 

Since Zsp^^^) splits in 5p2n(IF) via the trivial section the integral converges exactly as 
in the algebraic case, see Proposition 3.1 of j48j (and see Chapter 4 of [T] for the con- 
text of a p-adic covering group). In fact, it converges absolutely in an open subset of 
C^'. Due to (I2.15p . it defines, again as in the algebraic V'-Whittaker functional on 

/(ri(5j), r2(s2), • • • ■:'^r{sr)i'^~)- We denote this functional by 

A(i^, (®Li^i)®^> V'), 

where ~^ = (si, S2, • • • , s-r)- Also, since the integral defined in (|6.3p is stable for a large 
enough r it defines a rational function in q^^ , q^'^ , . . . , q^^ . 

Remark: One can check that wi{t)M-^{¥)wi{t) = M-^(F). Thus, in ([O]) and (lOD 
we could have written A^-^(F) instead of A^-^(F)"'. However, in other groups this does not 
always happen and we find it appropriate to describe this construction so that it will fit the 
general case (see for example a GLm(F) maximal parabolic case in Section [7.ip . 

Fix now w G V^p_>(F). Let tyj be the unique diagonal element in M-^(F) n Wg^^^^i^) 
whose first entry in each block is 1 such that 

i){{wty,,l)~'^n{wtu,,l)) = 'ip{n) (6.5) 
for each n E M^{¥)^ n Zsp^S^)- assures that 

is another ^-Whittaker functional on l(7r("^)) , (here Ayj is the intertwining operator defined 
in Section 14. Sp . It now follows from the uniqueness of Whittaker functional that there exists 
a complex number 

defined by the property 



(6.6) 

It is called the local coefficient and it clearly depends only on "^,11; and the isomor- 
phism classes of ti , r2 , . . . , r,- (not on a realization of the inducing representations nor on 
A-Ti,^, At-2,i/)) • • • ) '^Tr,^ ^""^5 Act,^/)). Also it is clear by the above remarks that 

defines a rational function in function in q^^ , q^^ , . . . , g*'' . Note that ()6.6p implies that the 
zeros of the local coefficient are among the poles of the intertwining operator. 

Remark: Assume that the residue characteristic of F is odd. Then, by Lemma 12.11 
i^2n{w) = {wtuj,l) for all w G Wp_>(F) and K2n{w'i{ t )) = {w'i{ t ),l). Keeping the Adelic 
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context in mind, whenever one introduces local integrals that contain a pre-image of w G 
W^P2^^(F) C Sp2n(0¥) inside Sp2ni^) one should use elements of the form K2n{w). 

Let ~t = (ni, 71,2, . . . ,nr;k) where ni, re2, . . . , n^, fc are r + 1 non-negative integers whose 
sum is n. For each 1 < i < r let be an irreducible admissible generic representation of 
GL„. (F) and let a be an irreducible admissible generic genuine representation of 5p2fe(F). 
From the definition of the local coefficients it follows that 

(3{'f,Ti,...,Tn,a,Wo) (6.7) 



where /3("^, ri, . . . , ct, Wq^) is the function defined in (j4.1ip . Recalling Theorem 14.31 the 
significance of the local coefficients for questions of irreducibility of a parabolic induction is 
clear. In Chapter [TU] we shall compute in various cases via the computations of the 

local coefficients. 

Let a be an irreducible admissible generic irreducible admissible generic genuine repre- 
sentation of S'p2A:(F). Let r be an irreducible admissible '(/'-generic representation of GLm(F). 
Put n = m + k. We define: 



-f{a X r, s, V'j = ^ — , (6. 



where oj'^ = I ) . It is clearly a rational function in . Note that if A; = then 

a is the non-trivial character of the group of 2 elements and j{a x t, 3,1^) = 1. 

This definition of the 7-factor is an exact analog to the definition given in Section 6 
of [53] for quasi-split connected algebraic groups over a non-archimedean field. We note 
that similar definitions hold for the case F = M. In this case the local coefficients are 
meromorphic functions. 
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7 Basic properties of ^{a x r, s, iIj) 



In this chapter F can be any of the local fields in discussion. Most of this chapter is devoted 
to the proof of a certain multiplicativity property of the 7-factor; see Theorems 17.11 and 
17.21 of Section |7.1[ This properly in an analog of Part 3 of Theorem 3.15 of [53]. Aside 
from technicalities, the proof of the multiplicativity property follows from a decomposition 
of the intertwining operators; see Lemma 17. 2[ We remark that the proof of this property 
for 7-factors defined via the Rankin-Selberg integrals is harder; see Chapter 11 of [62] for 
example. In Section 17.21 as an immediate corollary of the multiplicativity of the 7-factor, 
we compute 7(0" x r, s, ip) in the case where a and r are principal series representations; see 
Corollary ([711]) . 



7.1 Multiplicativity of 7(cr x t,s,'iIj) 



Let a he a genuine irreducible admissible -^-generic representation of Sp2k{^)- Let r be an 
irreducible admissible '(/'-generic representation of GLm(IF). For two nonnegative integers 
I, r such that l + r = m denote by P['j.{¥) the standard parabolic subgroup of GLm(F) whose 
Levy part is 

mO,(F) = ( ^^'(^) 

V GLr{¥)y 

Denote its unipotent radical by A'^^''^ (F) . Let ti , be two irreducible admissible V'-generic 
representations of GLi{¥) and GLr(¥) respectively. In the p-adic case; see [50], Shahidi 
defines 

7(r; xr,s,V') = Xr.(-/r-yC'J'""^'"^(^;°.(F),(|,^),r,»f„zz7,,;), (7.1) 

where Wr^i = ^ ^""^ , Xrr is the central character of and C^^"'^^\-, •,-,•), the GLm{¥) 

local coefficient in the right-hand side defined via a similar construction to the one presented 
in Chapter [6l In the same paper the author proves that the 7-factor defined that way is 
the same arithmetical factor defined by Jacquet, Piatetskii-Shapiro and Shalika via the 
Rankin-Selberg method, see [26]. Due to the remark given in the introduction of |51j . 
see page 974 after Theorem 1, we take (|7.ip as a definition in archimedean fields as well. 
The archimedean 7-factor defined in this way agrees also with the definition given via the 
Rankin-Selberg method, see [25] . 



For future use we note the following: 



-1 - wi^i = Wi^r, Wr,lM^^,i¥)TUi^r = M^j{¥), (7.2) 



'r,l 

and 

1p{'!JJl^rnWr,l) = ^(n), (7.3) 

for all n G ZcLm^^) H Af/'^(F). Wr^i is a representative of the long Weyl element of GL„(F) 
modulo the long Weyl element of M|^^(F). 

Theorem 7.1. Assume that r = Ind^o"!^^^Ti(!^Tr, where Ti,Tr are two irreducible admissible 
generic representations of GLi(¥) and GL,.(F) respectively, where I + r = m, then 

7(a X r, s, ip) = -f{W x ti,s, V')7(o' x Tr, s, ip). (7.4) 
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Theorem 7.2. Assume that a = I'^d^p^'^^ij-^ {l^^ ^ ti) Cg) a^, where ti is an irreducible 
admissible generic representation of GLi(¥) and Or is an irreducible admissible genuine 
ijj-generic representation of Sp2ri^), where l + r = k. Let r be an irreducible admissible 
generic representation of GLm(¥). Then, 

-f{axT,s,ip) = xU-Im)xT,i-Ii)i-l, >< T, S,ij)-f{Tl X T, S,ij)-f{Tl X T, s,^p). (7.5) 

We start with proving Theorem 17.11 We proceed through the following lemmas: 
Lemma 7.1. With notations in Theorem]?. 1\ we have: 



(7.6) 

In particular, for m = n, that is when k = and a is the non trivial representation of the 
group of two elements, we have 



C|^^™^''^(Pr„;o(F),s,r,c^:^i) = c|P^'"(^)(P;,,;o(F),(s,s),r;®r,,a;:;;i). (7.7) 

Proof. We find it convenient to assume that the inducing representations ti, Tr and a 
are given in their ^/^-Whittaker model. In this realization / i— )• f{Ii), f i— ?• f{Ir) and 
/ I—)- fihn, 1) are ^/^-Whittaker functionals on r;, Tr and a respectively. We realize the space 
on which r acts as a space of functions 

/ : GLraiW) X GLi{¥) X GLr{¥) C 

which are smooth from the right in each variable and which satisfies 

/(( *] g,nlo,n'ro) = || det(a)|| i || det(6)|| ^ V(n)V'(n )/(5, ^oa, ro6), 



for all g G GL„(F), lo,a € GLi{¥), ro,b £ GL,(F), n G Zg'l,(F), n' G Zgl,(F). In this 
realization r acts by right translations of the first argument (see pages 11 and 65 of [62] for 
similar realizations). According to the GLm(F) analog to the construction given in Chapter 
El i.e., Proposition 3.1 of [48] for GLm(F), and due to ([721) and dZS]), a V-Whittaker 
functional on r is given by 



Ar,v(/) = / f{wi^rn,Ii,Ir)ip ^{n)dn. (7.8) 
We realize the representation space of /(r(j,),a) as a space of functions 



/ : Sp2n(F) X 5p2fc(F) X GL„(F) x GLi{¥) x GL,(F) 
which are smooth from the right in each variable and which satisfy 



f{Um,n{fh),l)ik,n{h)us,ny,\^ " *J g,n'lo,n"ro) = f{s,yh,gm,loa,rob) (7.9) 
7-^(det(m))|| det(m)||^^'^+^|| det(a)||i|| det(6)|| ^^(n)V(n')'0(n"), 
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for all s G 5p2n(F), h,y e Sp2k{¥), ( " *) ^ i^,°.(F), m,g G GL„(F), G GL^F), tq G 

G^r(F), G (iV™;fc(F),l), n G ^' ^ ^GL,(F), n" G Zgl.(F). In this realization 

Sp2ni^) acts by right translations of the first argument. Due to ()7.8p . we have 

A(s,r (g) a, ?/;)(/) = / Xr,^(f{w'i{m; k)n, 1), (/2fc, l),Ini,IlJr) ]ip~^{n)dn = 



/ / f{ijm,ni-^^'m)n^'^)^i^2kA),'!^i,rn',Ii,Ir)ip Hn')V' ^ (u) dn' dn . 

(7.10) 

Note that uj'^ = I -^m j j ^™ j_ -pj^^g^ ^(-e;;^;,) = (-1)"". Due to 1^ and 

([212]) . we observe that for n G Nm-ki^),n' G M^°^(F) 

/((jm,n(-e^w^)?^, 1), {hk, l),tz7^,r^^^/^,/r) = 



We shall write 



where for g G GLm(F) we define 

Since n^h maps iV°;(F) to iV°^(F), we get by ([62]) and dTlQ]) : 
A(s,r0a,^)(/) = (7.11) 

(-1, -l)rSw;'(-l''') / /(jm,n(-^rCOn, 1), (hk, 1) V"' (") d^. 

(Clearly the change of integration variable does not require a correction of the measure). 
We turn now to /(Ti(s), Tr(s), ct). We realize the space of this representation as a space of 
functions 

/ : 5p2n(F) X Sp2k{¥) X GLi{¥) x GL,(F) ^ C 
which are smooth from the right in each variable and which satisfy 



fiijm.,n\^ " J,l)ik,nih)us,ny,nlo,n"ro) = f{s,yh,loa,rob) (7.12) 
T^Hdetf ))||det(( ^ ) )|| ^^+^1 det(a)|| § || det(6)|| ^V'(n)^(n')V'(n"), 



for all s G 5p2n(F), h,y € 5p2fe(F), " J G MO^(F), G GL^F), ro G GL,(F), 

G (Afz,.;fc(F),l), n G Zsp^,(F), n' G Zgl,(F), n" G Zgl,(F). In this realization 5p2n(F) 
acts by right translations of the first argument. Recall that in (j6.ip we have defined t(;j( i ) 
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to be a particular representative of minimal length of the longest Weyl element of Sp2ni^) 
modulo the Weyl group of (F) . Since 

where 

* - ( J • 

We have: 

-'iVi,r:fc(F) V / 

(7.13) 

Note that 

= (-l,-l)r%(-l'")/((i„^,n(-50^r^CU:„Va),(/2fca),(-/0^^r) 

= (-i,-i)r%(-i'^)x;(-/0(/((im,„,(-^.e;;<)n,i),(/2fc,i),/^/.^^ 

Thus, 

X{{s, s),Ti^Tr^ a, ij) if) = (-1, i-Ii) (7.14) 

For / G /(t(s),ct) define 

f:Sp2m{¥) X Sp2k{¥) X GLi{¥) x GL,(F) ^ C 

by f{s,y,ro,lo) = f{s,y,Irn,ro,lo). The map / / is an Sp2mi^) isomorphism from 
/(r(^),a) to /(r/(5), rr.(5), ct). Comparing (j7.1ip and ()7.14p we see that 

X{s, T(E)W, ^){f) = x; {-Ii)\{{s, S),TI ®Tr®a, ^) (/). (7.15) 
We now introduce an intertwining operator 

defined by 

^7mnfa;'-M('5'y''^'^o,ro) = / /((jm,n(e^w^)n, l)s,y,m,/o,ro)(in. 

Note that for / G /(T(s),a) we have 

• SP^rnm X •5p2fc(F) X GL™(F) X GL0) X GL,(F) ^ C 
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is smooth from the right in each variable and satisfies 

^„U~^)if)iijm,ni^)^'^)^k,ni^)us,ny,[ " * ] g,n'lo,n"ro) 



3mA 

, 2fc + m + l 



7^i(det(m))|| det(m)||^ ^|| det(a)||5|| det(6)|| " V(n)^(nOV(n")V'/(s, y/i, 5™, /oa, ro6), 

(7.16) 

for ah s G 5p2„(F), G WW), ( " *) ^ ^^9 <^ G'L„(F), /q G GL^F), 

ro G GL,(F), u G (iV^;fc(F), l) , n G Z^p^.CF), n' G Zgl,(F), 7/ G Zgl,.(F). Since l = g 
and since ro/^^ = hoWr,i, where 

ho=( 

we have, 

A(-s,r® a, ip){f) 

f{ijm,ni-e^uj'ra)n, 1), (l2fc, I) , hohoWi^rn , h, Ir) in')tp~^ {n) dn dn 



= x;(-/OxU-^^)(-i'-i)rS^'(-i'^) 

/ / f{{jm,n{-'^r,in'e^Uj'ra)n, 1), (/2fc, I) Jrn, k, {n')il^~^ {n) dri dn 

Jn6Ar,n;fc(F) Jn'6ArO;{F) 

= x;(-/OxU-^r)(-i>-i)rS^'(-i'^) 

/ / f{{3m,n{-'^r,ie^i(^'m)nn, 1), (/2fc, 1) , /m , , -^r) ''A"^ ('^0^""^ ("-) C??^' ^n. 

JneAf„.fc(F) A'67V0,(F) 

We have shown: 

A(-s,r®a,V^)(/) = x;(-//)xt.(-/r)(-l,-l)rV(-l''') (7.17) 

/((im,n(-ror.,/e;^W^)n'n, 1), (/2fc, 1), Im, k, Ir)ip~^ {n) dn. 



'n6Af,,,,fc(F) 

Consider now 
defined by 

^im,n(a;;;ri)('5'y'^o,?'o) = / f[{j^.n{e^^m^)n,l)s,y,l,r)dn. 

Note that for / G I{Ti(^s-^,Tr(^s)i'^)-> we have 

• •5p2n(F) X 5p2fc(F) X GL^F) X GL,(F) ^ C 
is smooth from the right in each variable and satisfies 

^j™,n(a;;7i)(/)((.?"vn(^ ^ , l)«fc,n(/i)^is, ^y, n'/o, n'Vo) = /(s, y/i, /qo, ?^o^) (7.18) 
T^Hdetf ^ ))||det(( ' ) )|| "^-f det(a)|| § || det(6)|| ^^(n)V(nOV(n"), 
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for all s G 5p2n(F), h,y e Sp2k{¥), ' J G M^^, k G GLi{¥), ro G GL,(F) 
u G (Af.,i;fc(F), 1), n G Z5p,,(F), n' G Zgl,(F), n" G Zgl.(F). Similar to ([731 we have: 



'Afr,!;fe{F) 

For / G /(f(_s) (8) ct) define 



f(^{3mA-9o^i(^^L)'nA),{hkA),Ii,Ir^'ip ^{n) (7.19) 



/ : Sp2m.{¥) X 5p2fc(F) X GL^F) x GL,(F) 

by 

/(s, y, ro, lo) = /(s, y, Im, ro, lo)- 



The map / i— )■ / is an Sp2n(F) isomorphism from /(r^^^), o") to /(tV(_s), 'r;(_5), a). By (j7.17p 
and ()7.ip we have, 

A(-s, r ^5 a, V)(/) = (-/z)A((-s, -s), r,, ^ a, V') (/)• (7.20) 
We use (f7J5]l . ([7:2(1 and the fact that for all / G /(r'' a) , we have 

^- f '-1^(7) = ^- '7^^(/), 

to complete the lemma: 

C, (P.,,(F),.,.C..,,„,„(-. )) - ,(_,,,^^,^)(^^._^^^..,^(;)) - 
A((g,s),r; Oa, -0)(/) _ Sp2n{¥) , 



A((-s, -s), ® rz ® £7, V) (^j„,,„(^^'-i)(/)) 

□ 

The heart of the proof of Theorem 17. II is the following lemma which is a slight modifica- 
tion of the following argument, originally proved for algebraic groups (see [38] for example): 
If wi,W2 are two Weyl elements such that l{wiW2) = l{wi) + I{w2), where is the length 
function in the Weyl group, then A^-^ o A^^ = ^«;^i„2- See Lemma 1 of Chapter VII of [1] 
for a proof of this factorization in the case of an r-fold cover of GL„ (F) . 

Lemma 7.2. 



where 



^Sp,„(W) (^^ Ti<S)Tr0 a,jm,ni^'^^)) = ^ r,,)ci (s)c2 (s)c3 (s) , 



ci(s) 






t(F) 


C2{s) 




fc(F) 




^■Sp2n(F) 




fc(F) 



(s, s), (g) (g) CT, jm,„(t(;f ^)) , 
(s, -s),r; (g) TV- (g a, jm,n(u^^^)), 

{-S,s),fr (gr/ (ga, jrn,n(u^J^)) 
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and where 



Wl 



\ 



, W2 = 'HJl^r, W3 



-UJl 



and 



In particular : 



,/,r,) = (-l,-lV ' XrA-Ir)%' ((-in- 



^-"^""^ {Pi,r;o{n (s, s), n rr,u'-') = c^^^r, I, rrH{s)c',{s)c',{s) , 



where 



Proof. We keep the realizations used in Lemma [7. II and most of its notations. Consider the 
fohowing three intertwining operators: 



A -1 

jm,n(w^ ) 



A 



I{Tl{s),T'r(-s),0') /(tV(_s), T;(5), ct) 



(7.21) 



Suppose that we show that 



A. I -i.oA. , -1.= ct)^{r,l,Tr)A. ('-1), 



(7.22) 



This will finish the lemma at once since 



C^'"^^ (Pz,r;fc(F), (S, S),TI ^ ® a^j^A^'j) 
X{{s,s),Tl ®Tr®a, '4j){f) 



A((-s, -s), fr ^Ti0 a, i;) (%„^„(a;„'-i)(/)) 
A((s, -s),Ti ® ® a, tp) (^,-^,4^-i)(/)) 



A((., -.),rz » ® a, V^) (^,_(^-i)(/)) A((-s,.),r, » ® a, V^) o A^_(^-,)(/)) 



A((-g,g),r, ^ ^ g, V;) Q ^^-^ ,^(^-i)(/)) 

A((-s, -s),f, ® ® a, V) K„.,„(^3-i) ° ° ^j^A-^^')if)) ' 

By definition the right-hand side equals 

(l>^^{r,l,Tr)ci{s)c2{s)c3{s). 
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Thus, we prove (17.221) . It is sufficient to prove it for Re(s) >> where A- , /-i-, is given 
by an absolutely convergent integral. Our argument will use Fubini's theorem, whose use 
win be justified by (17:^ . 

A. , -isoA. / -\^o A. I f)(s,v,l,r) = 



(7.23) 



JN^^ (F) 



1 -l^ O ^ . 



A, 



„(^-i)(/)((jm,n(i«;3^3)n3, ^) s , v , I , r) dn^ 



A, 



J•^„(^-l)(/)((jm,n(^^«2■^«2)7^2, l) {jm,n{'twsW3)n3, l) s , y , I , r) dn2dn3 



f{{jm,n{twxWi)ni, l) {jm,n{'tw2W2)n2, l\3m,n{tw3Wz)n^-, l) s , y , I , r) dnidn2dn3, 

'N^3 (F>/Af„2(F>/Af„i(F) 

where, as a straight forward computation will show, A^^^ (F) is the group of elements of the 
form 

/ h Oi \ 

Ir Z 



Ik 



V 

NiiJ2 (IF) is the group of elements of the form 



Ofe 



z G MaC™(F), 



Ii z 



Z* Ir 



V 



z e Mat,xr(F), 



4/ 



(F) is the group of elements of the form 

/ Or 



h. 



Ir 



Ofe 



ij 



z e MafZ\¥), 



and where t 



tw2 — -^rri) 



. We consider the first 



argument of / in ([7123]) : By (|2J2]) and (pJ6]) we have: 

(jm,n(t«;il'^l)ni, l) (jm.n (^u-a "^2 )ra2 , l) {jm.,n{tw'j,W?,)nz, l) (7.24) 
= (im,n(it«i^'^l), l)(im,n(t«,2''^2), l)("-2, 1) ( jm,n. (tu-g^^s) , l) ("-3, 1) 

= (im,n(it«iW^l), l) {jm,nitw2W2), l) (jm,n (iiugli's) , l)(^?^2'^3, 1) 
= {l2n,e){jm,n{twiWltuj2W2tw3W3), l) (71^^2713, 1) 



{hn,e){jm,n{\ ^' 



ir{-iy 
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where 

'^l ~ jm,n 

and where 
We compute: 



Jm,n W2 J 



Ok 



I It 



{w2tw2W3tw3) 



( h 



Jm,n 



Ir 



\ 



2* Ir 



Jm,n 



J 



Ir 2'* 
h 

h 



V 



where = ziVrtwi ■ Hence we can change the three integrals in (j7.23|) to a single integration 
on jm,n{Nm;o(^)) without changing the measure and obtain 



A, 



Jm 



(7.25) 



Jm.n (A^,n;0) 

I. -I 



fi{jm,n{{ ^' ]^i^'mh,l)s,y,l,r]dn 

0) V V iri-iyJ 



It is left to show that e = {—1, —1)^ ^ . Indeed, we have 



twiWl 



\ 



Or/ 



( 



\ 



-Ir 



, tw2 W2 



( I. 

Ir 
\ 



r'^i(r-l) 

Thus, by (j2.12p we have c{tu}iWi,tyj^'W2) = {—1,-1)^ ^ • Since 



twiWltui2W2 = 

( Ir 



\ ( h 

Ir 



\ 



tw3W3 



I 



Ir 



\ 



h 

Ir / 



V 



\ 

h 

Ir I 

Ir \ 



we conclude, using (j2.14p . that c{twiWitw2W2,tw3W3) = {—1,-1)^ 



□ 
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Lemma 7.3. Keeping the notations of the previous lemmas we have: 



C^'''-^^\Pl,rM^),{s,s),Ti0Tr0aJ.^,n{wi'))=C^^^^^^ 

(7.26) 

C^P'-^^^ {Pl,r-km, is, -S),TI TV ^ a,jm,n{w2')) = Cj"""^^^ (i^i°.(F), (s, -s),Tl ® f„ Wf^^). 

(7.27) 



C''''-^^\Pr,lM^),{-SS,s),%m^a,JrnA^^'))=C'/^^^^^ 



(7.28) 



In particular: 



C^'''-^^\Pl,rd^),is,s),ri^Tr,Wi')=C^^'^^^\PrA^^ 

CJ^(7WM> (S, -S),TI Tr, W^') = Cj^-^'^) (P,'^(F), {S, -S),TI » f,, tX.^^) . 



Cj^^'"^'"^ {Pr,i;om, i-s, s), f, ^ ® a, zz;3-i) = ^^"'^ (P«;o(F), r^, a;;-!) . 



5p2i(IF)/ 



Proof. We prove (|7.26p and (|7.27p only. ()7.28p is proven exactly as ()7.26p . We start with 
(j7.26p : As in Lemma 1 7. II we realize I{Tr(s),'^) as a space of functions 



/ : Sp2ir+k)m X 5p2fc(F) X GL,(F) ^ C 
which are smooth from the right in each variable and which satisfies 



/(W(^)4,n(/i)us,ny,nVo) =7^Hdet(6))||det(6)||'=+^+5^(n)^(n')^/(s,y/i,ro6), (7.29) 



for ah s E 5p2(.+fc)(F), h,y G 5p2fc(F), 6, ro £ G L,(F), n e (iVi;fc(F), 1), n G Z5p,,(F) 
n' G Zgl^{¥). For / G /(Ti(^), Tr(s), o^), g G 5p2n(F) we define 



by 



fg ■■ Sp2{r+fe)(F) X 5p2fc(F) X GL,(F) 



fgis,y,r) = f{ir+k,ni9)s,yJl,r)- 



Recalling (j7.12p we note that fg G /(tj,(<j), a). We want to write the exact relation between 
A((s, s),Ti (8) (8) a, ip) and A(s, ®a,ip). To do so we consider the left argument of / in 
(|7.13p : We decompose n G Ni^r;k(^) as n = n'n", where 



n' G i.+fc,„(iV,,fc(F)), n" G [/o(F) = <^ 



^ ii ^ * * * *^ 

Ir Orxk * Orxr Orxfc 

/fe * Ofcxr Ofcxfc 

* Ir 

* h J 



U G Sp2n(F) 
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We have 



{w'i{l,r,k)n,l) 



i 



Ik 



J V 



n 



n ,1) 



ir+k,n {jr,r+k{ — e^^r))n 



n' 1 



Thus, for an appropriate e independent of n' and n", we have: 



{w'i{l,r,k)n,l) 



'ir+k,n{jr,r+k{-^r^r))n , 1 



Ir 



\ 



n",e I . 



We denote the right element of the last line by g{n"), and we see that 

A((s,s),r/®r,®a,V)(/) (7.30) 
fg(n") {jr,r+k{-^r^^r)n , {hk, 1) , ^r) ^^"^ ('^'O dn dn" 



r/o(F) JK,k(¥) 

A(s, Tr ® a, V') {fg{n"))'<l^~^{n") dii" . 
Uo{¥) 



For / G /(r;(^),7v.(„s),o-), s G Sp 2n{^) we define as we did for /(r/(^), r,.(^), a). In this 
case fg G I{Tr{-s)-,'^)- Exactly as (|7.30p we have 

\{{s,-s),Ti®fr®a,ip){f)= I X{-s,Tr®a,'4)){fg[^n»^)ip~^{n")dn". (7.31) 

Juom 



Let 



be as in lemma [72] and let 
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be the intertwining operator defined by 



Using the fact that (/g) = we prove (|L^: 



_ X{{s,s),Tl<^Tr^a, ■4>){f) 

_ /c/o(F) '^^l^' ® ^' V') {fg(n"))i^~'^{n")dn" 

Iuo{¥) '^(-^' ® ^' V') (/^(n"))) V^-^n'Oc^n" 



To prove (|7.27p one uses similar arguments. The key point is that for / G Tr.(„s), ct), g G 



Sp2n(^), the function 

fg : GL^(F) X GLi(F) x GL,(F) ^ C 

defined by 

2/i;-(-77T.-|-l / \ 

fg{a,l,r) = II detail 2 7^(0)/ ( {jm,n{a),l)9, {l2k,l),l,rj, 
hes in I(Ti(^), TV □ 
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These three lemmas provide the proof of Theorem 17.11 
7(a X T,s,Tp) 



C^pM^\Pi^^.^(Y), {S,S),TI ^ Tr(S)a,jm,n{<^)) 



C^P^-(^\Pi^,.f,{¥), {s,s),Ti ® C?'"^^^ (^i,r;fc(F), {s, -s),ti ® ^aj^^niw^^)) 



Cj^""^^^ (^'/,r-;0(F), is, -S),TI ^ fr,W^') 



C'^'"^^\Pl,rM^),{-S,s),Tr 



jmA^S ^)) 



7(cr X r;,s, •0)7(0" X rr.,S,'i/')- 



The proof of Theorem 17.51 is achieved through similar steps to those used in the proof of 
Theorem 17. 11 We outline them: First one proves an analog to Lemma l7. II and shows that 



^7'"^^ {Pm;km, S,T0 a,jm,n{^'-^)) = C^'"^^ (P„.,«;. (F) , (s, 0), T ® ® O^JmA^'-^)) ■ 

(7.32) 

Then one gives an analog to Lemma 17.21 Using a decomposition of A- / /-ix, one shows 
that 



^7^"^ ^(^'m,;;r(F),(s,0),r®r,®a7,j^+;,,(^:^i)) = {-l-l)fk^{s)k2{s)k^{s), (7.33) 
where 



fci(s) = cj^^"^^^ (^^;;;;;;(F), («, o), r ^n® a-r^j^+iA'^i^)) > 

fc2(s) = Cl"'-'^^^ (Pz,m;r(F), (0, s), » T ® O^:, j„^+/,„(«;5 ^)) , 
fc3(s) = Cj^'"^^H^'m,Z;r(F), (0, -s) , ® f » O^, (7X;6-^ )) 



and where 



W4^ = Wm,l, W5 



\ 



The third step is, an analog to Lemma 17.31 
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C|^(7WM> (0, -s),n®r®a-r,j^+Uw^')) = <^™+'(^)(pO/F)(|, r,C3?, zz;-^) . 

(7.34) 

Combining (TOHI) . (TTT]) we have: 

7(a X r, s, V') = (-1, -l)P''7(a7 x r, s, V') 

With dZl]) we finish. 



7.2 Computation of 7(cr x t,s,iIj) for principal series representations 

Assume that F is either M, C or a p-adic field. Let • • • i % be k characters of F* and 

let 7^"^ •S?' X = (7^^ o det) ® x be the character of Tsp^^i^) defined by 



{diag{ti,t2,.. . , tfc, \ ^ • • • > *fe ^) ^ e7^/(*i*2 • • • , tfc) ^i(ii)- 
Let tti, 02, . . . , ctm be m characters of F* and let fj, be the character of Tgl„(F) defined by 

m 

Diag{ti,t2, ...,tm)^ JJai(ti)- 

i=l 

Define a and r to be the corresponding principal series representations: 



Lemma 7.4. There exists c E {±1} suc/i i/iai 

k m 

7(a X r,s,V') = c J|7(ai x Vi^ , s,^p)"f{r]i x aj,s,^p). (7.35) 

Proo/. Note that r ~ /nd^^^^^^jp^ai ^ r', where r' = Ind^^'^-''-^^^^ ^^"^ a^. Theorem O 
implies that 

7(a X r, s, ip) = j{a x ai, s, ip)j{a x r', s, -(/'). 
Repeating this argument m — 1 more times we observe that 

m 

7(a X r,s,^) = Jj7(a X aj,s,V'). (7.36) 



Next we note that a = JncZ^^^iiE) (7-i^r/i)(g)a', where a' = /n(i5i^±:ili!L7T^® ((g)^-!??^) . 

By using Theorem 17.21 we observe that for all 1 < j < m. There exists c' E {il} such that 

7(a X aj,s,ip) = cj{a' x qj, s, ■i/')7(aj x , s,ip)-f{r]i x aj,s,-0). (7.37) 

By Repeating this argument k — 1 more times for each 1 < j < m and by using (|7.36p we 
finish. □ 
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8 Computation of the local coefficients for principal series 
representations of SL2{¥) 



Assume that F is either M , C or a finite extension of Qp. Let tp he a non-trivial character 
of F and let x be a character of F*. For s S C let 



be the corresponding principal series representation of SL2(F). Its space consists of smooth 
complex functions on 5*^2 (F) which satisfy: 

/(((; ^iye)g) =e\\ar\iah;^\a)fig), 



for all a G F*, 6 G F, (jr € (F). 5'L2(F) acts on this space by right translations. 
X[s,x,ipa), the ijja Whittaker functional on I {x ^S) , s) , defined in Chapter [6l is the 
analytic continuation of 



The intertwining operator corresponding to the unique non-trivial Weyl element of 5^2 (F), 

A{s) : I{x ® s) ^ /(x"^ ® -s) 
is defined by the meromorphic continuation of 

(AW(/))(,)=//(((_°^ ;)(; O'')')"^' («-^) 

We shall prove in this chapter, see Theorems 18 . H W72\ and Lemma [8.141 that there exists 
an exponential function, s, if)) such that 

L{x,s + \) L(x-^-2g + l) 
'L{x-\-s + \) L{x^2s) 



Furthermore, if F is a p-adic field of odd residual characteristic, ip is normalized and x is 
unramified then €{x, s,ip) = 1. Recall that 



where e(x, s, tp) is an exponential factor. Thus, (j8.3p can be written as 

where e'(x,s,^) is an exponential factor which equals 1 if x is unramified and F is p-adic 
field of odd residual characteristic. 
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In this chapter only, we shah write 
Instead of 



:(F),S,X,( ? q))- 



This notation emphasizes the dependence of the local coefficient on two additive characters, 
rather than on one in the algebraic case. 

This chapter is organized as follows. In Section [8. II we present the p-adic computation. 
Our computations include the often overlooked case of 2-adic fields. In Section [8.21 the com- 
putation for the real case is given. In both two sections the exponential factor is computed 
explicitly. The complex case is addressed in Section [8131 Since SL2{C) = SL2{C) x {±1} 
and 7^(C*) = 1 the local coefficients for this group are identical to the local coefficients 
of 5L2(C). The SL2{C) computation is given in Theorem 3.13 of [H]. It turns out that 
the (5*^2 (C) computation of the local coefficients agrees with (|8.4p . Next we give two de- 
tailed remarks; one on the chosen parameterizations and the other on the existence of a 
non-archimedean metaplectic 7-factor defined by a similar way to the definition of the Tate 
7-factor (see [H] ) whose relation to the computed local coefficients is similar to the relation 
that the Tate 7-factor has with the local coefficients of SL2{¥)- These are Sections 18.41 and 
18.51 We conclude this chapter in Section 18.61 where we show that if r is a principal series 
representation then 

7(r,s + ^,V') 

where c(s) is an exponential factor which equals 1 if F is a p-adic field of odd residual 
characteristic, ip is normalized and r is unramified. We do so using the SL2{¥) computations 
presented in Sections 18.11 18.21 and 18.31 the multiplicativity of the local coefficients proved in 
Chapter 17.11 and the theory of local coefficients and 7- factors attached GL„(F); see jSOj . 
In Section 19.31 we shall show that the same formula holds if r is supercuspidal. 



8.1 Non-archimedean case 

For a non-trivial ip and ramified x we define 



An easy modification of the evaluation of classical Gauss sums, see Proposition 8.22 of [23] 

for example, shows that | G(x, V") |= Q ~ ■ If X is unramified we define G(x, V') = 1- We 
now state the main theorem of this section. 

Theorem 8.1. There exist k-^ E C* and G Z such that 

C,(y6.^-^ s)-k Lix,s+'^) L(x-^-2. + l) 

Furthermore, if x^ ^-^ unramified we have: 
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where n is the conductor ofip. 



Recall that for F, a p-adic field, 

' ^ X is unramidied 



I-X('r)'?" 

1 otherwise 



For unramified characters and F of odd residual characteristic (jS.Sp can be proved by using 
the existence of a spherical function, see 0- 

We proceed as follows: In Subsection 18.1.11 we reduce the computation of the local 
coefficient to a computation of a certain "Tate type" integral; see Lemma [8.11 In Subsection 
18.1.21 we collect some facts that will be used in Subsection 18.1.31 where we compute this 
integral. 

8.1.1 The local coefficient expressed as an integral 
Lemma 8.1. For Re{s) » 0: 

CVa(x«'7^\s)~^ = j^j:;p^{u)x{s){u)'4^a{u)d*u. 

This integral should be understood as a principal value integral, i.e., 

l^^{u)X{s){u)llJa{u)d*U, 



F 



for N sufficiently large. 

Proof. We recall that the integral in the right side of (jS.ip converges in principal value for 
all s, and furthermore, for all / G I{x ® 1^^^ s) there exists Nj such that for all > Nj: 

Assume that Re{s) is so large such that the integral in the right hand side of (|8.2|) converges 
absolutely for all / G I{x ® , s). Define / G I{x ^ 7^^, s) to be the following function: 



fid) 



gGB 



^0 6-1/ \-l 0/ \0 1^ 

where (p G S{¥) is the characteristic function of Of- It is sufficient to show that 

\{-s,x-\^a){A{s)f) = \{s,x,i^a){f) f i^\u)x(^s){u)Mu)d*u. (8.6) 

Indeed, 

\{-S,X-\i'a){A{s)f) 
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By matrix multiplication and by (j2.19p we have: 



-«/ / V V-i 0/ \o 1 



Hence, for sufficiently large: 

Xi-s,x-\i^a){Ais)f) 



,-JV 
F 



Since the map y ^ f({ ^ ^ ] ^))l)is supported on Op and since we may assume 
that iV > we have 

X{-s,x-\^Pa){A{s)f) 

= [ [ Xis){-uh4-ur'f{(' ''^A,l)^p-\x)d*udx. 

J\\x\\<qN Jo<\\u\\<qN V-1 0/ Vo 1 / 

By changing the order of integration and by changing x i— )• x + n we obtain 
X{-s,x-\i^a){Ais)f) 



1 \ / 1 X 



"^l A]'>Pa^{x)dx / -/J{-u)X{s){-u)i^a^iu)d*U. 
1/ / Jo<\\u\\<qN ^ 



f 

M<q'^ VV-1 0/ VO 1/ y iO<||«||<q 

(|8.6p is proven once we change u ^ —u. □ 

The next lemma reduces the proof of Theorem 18.11 to case where ^/J is normalized. 
Lemma 8.2. Define n to he the conductor of tp. We have: 

Proof. Recalling the definition of 7^ we observe that 

, . 7^0 (gTT^") 
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Thus, by Lemma |8. II we have 



Jf* 
Jf* 

7Vo(^")X(s)(vr") j^^ 7^0^ WX(s)('")^o ^ W d*u 



□ 



We note that in Theorem l8.lt we compute 

Cv(x<^7^\s) 

rather then 

that is, we use the same additive character in the definition of I{x (8> J^^is) and in the 



Whittaker functional. The advantage of this choice is explained in Section 18. 4[ We conclude 
this section with a lemma that describes the relation between these two local coefficients. 

Lemma 8.3. 



Proof. By Lemma |8. II 

Cva(x® 7^Ss)^^ = / y^{u)x{s){u)'>p{au)d*u 



¥* 



l^^ia ^u)x{s)ia ^u)ij{u)d*u 
y\a)x(s)ia''^)C^ix ■ («,•) «'7^\'S)"^ 



□ 



8.1.2 Some lemmas. 

Lemma 8.4. Assume that x^ is unramified and that m{x) ^ 2e. Then m{x) is even. 

Proof. The lemma is trivial for F of odd residual characteristic. Assume that F is of even 
residual characteristic. Since 0^/(1 + Pf) — ^ is a cyclic group of odd order it follows that 
if x(l + Pp) = 1 then x is unramified. Thus, m(x) 7^ 1 and it is left to show that for any 
2 < /c < e - 1 if x(l + Pf "^^) = 1 then x(l + ^f) = 1- For I G N, define d = OJ/1 + Pjp. 
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The number of quadratic characters of Gi is 6; = [Gi : Gf]. We want to prove that for any 
2<k<e-l,b2k = &2fc+i- Note that for any / > 1, ~ TxHi, where Hi = 1+Pf/1+1Pf is 
a commutative group of order 2-^^ where / = [F : Z2] is the residue class degree of F over Q2. 
Thus, there exists q € N such that Hi = and Gi/Gf = Hi/Hf = 

Hence, the proof is done once we show that for any 2 < /c < e — 1, C2k = C2fc+i- We shall 
prove that for any 2 < k < e — 1, C2k = C2fc+i = fk. Note that 

\{x e Hi\x'^ = 1] 1= 2"'. 

Also note that Hi may be realized as 

l-i 

{1 + ^ajvr-^' I aj G A], 

i=i 

where A is a set of representatives of Op/Pp which contains 0. Hence, it is sufficient to show 
that for X = 1 + Y^j=\^ ajTi^ , where aj S ^ we have G 1 + F^^ if and only if aj = for 

all 1 < j < A; - 1, and that for x = 1 + Y.'jti ajT^^ , where aj G A we have x^ G 1 + Pp^^^ if 
and only if aj = for all 1 < j < /c. We prove only the first claim, the second is proven in 
the same way. Suppose x / 1 and that x = 1 + Yl^jt^^ ajn^ , where aj G A. Note that 



2fc-l 2fc-l 2fc-l 

j=l i=l 1=1 l<i<j<2fc-l 



(recall that lo = 2it ^ G OJ). Since k < e we have ||x^ — 1|| = (7 where r is the minimal 
index such that Ur 7^ 0. The assertion is now proven. □ 

The following sets will appear in the computations of Jjp, 7^"^('u)x(^) For 
n G N define 

H{n,¥) = {x G Op I 111 -x^i < g-''}, (8.7) 

D{n,¥) = {xgOJ I il-x^i =g^-"}. (8.8) 

Lemma 8.5. Suppose F is of odd residual characteristic. Then 

D{1,¥) = {x G Of I X ^ {0,±1}}, (8.9) 
i7(l,F) = {x G Of I X G {±1}}. (8.10) 

Suppose F is of even residual characteristic. Then 

D{1,¥) = {xGOf|x^{0,1}}, 
iJ(l,F) = {xGOf|x = 1}, 

for l<k< e: 

D{2k, F) = 0, H{2k, F) = H{2k - 1, F) = 1 + P^, 

for all 1 < k < e : 

D{2k + 1,¥) = 1 + P|\1+P^+S 

and 



D{2e + l,¥) = {l + 67r" I 6g OJ, 

i?(2e + l,F) = {l + fevr'^ I 6gOf, 6g {0,?!;}}. 



8.11) 
8.12) 

8.13) 
8.14) 



8.15) 
8.16) 



73 



Proof. We start with F of odd residual characteristic. Suppose x G OJ. Then ||1 — = 1 
is equivalent to 1 — 7^ 0. This proves (j8.9p . (jS.lOp follows immediately since H{1,F) = 
Of \ D{1,F). Suppose now that F is of even residual characteristic. (jS.lip and ()8.12p 
are proven in the same way as (j8.9p and (jS.lOp . Note that in the case of even residual 
characteristic t = —t for all t G F. Assume now x = 1 + bn"^, m > 1, 6 G OJ. We have: 



(7 ^"^ 1 < m < e 

q~'^'^\\b + w\\ m = e 



m > e 

the rest of the assertions mentioned in this lemma follow at once. 

Lemma 8.6. Assume x ^■s ramified and that is normalized. Fix x G 
non-negative integer. 

il){'K~'^u) du = < -q~^ 



□ 

If, and n, a 







n = 1 . 
n > 1 



(8.17) 



If n > then 



^'(vr— ^7.(1 - 7r^x'))x{n) du = ^-^(l - vrV)G(x, V), 



and 



iP{tt~''u{1- x^)) du 



'l-q-'^ x£H{n,¥) 
-q^^ X e D{n,¥) 
otherwise 



If n ^ m{x) then: 



iP{tt "■u)xiu) du = 0. 



.18) 



(8.19) 



.20) 







[ ^(7r-"u(l -x2))x('u)dn 
Jo* 

Suppose 2n > m{x). Then 

X(l + vr^u) du = < 



X G -D(n - m(x) + 1,F) 
otherwise 



1 — q~^ n > m{x) 
—q~^ n = m{x) ~ 1 • 
n < m(x) — 2 



.21) 



(8.22) 



Suppose in addition that x' is another non-trivial character and that m{x) — n ^ n^{x')- 
Then 

' x'{x)x{l + 7r^n)du = 0. (8.23) 
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Proof. To prove (j8.17p note that 

■i/'(7r""n) du= I Tp{TT~'^u) du - I 'ip{-K~'^u) du, 



and recall that for any compact group G and a character /3 of G we have 

(Vol{G) /3 is trivial 



G 



I otherwise 



The proof of (I8.18|) follows from the definition of G(x, ^) by changing of u i— )■ u{l — ■k^x'^)~^. 
To prove (|8.19p note that the conductor of the additive character u i— )■ ^(7r~"ti(l — x^)) is 
n — logq\\ — x^l and repeat the proof of (|8.17|) . We now prove (j8.'20p : If n < m{x) then 

/ ^ du= V'(vr-"t)x W / ^ X W du = 0, 

and if n > m{x) then 

/ V(vr-"n)xM(in = V x{t)[ ^ ^i^{n-^ut) du 

Jot ^ Jl+Ff -^^ 



teo;/i+p;"(''' 



To prove (f8:2T]l write 

'0(7r-Vl-^^))x(?^)du= / ij{7r-'''^^\l-x'^)7r''''^''^-''u)x{u)du. 



By (j8.20p . the integral vanishes unless (1 — x'^)tt''^^^^ " G Oj^. This implies the second case 
of ()8.2ip . Changing the integration variable u i— t- — x^)-7r™(-^)~") ^ proves the first 
case. We move to ()8.22p : Since 2n > m{x) we have 

(1 + ^"(x + y)) = (1 + 7r"x)(l + ^"y) (mod 1 + P™^^)) , 

for all x,y £ Of- This implies that u i— t- x(1 + tt^u) is an additive character of Of- It is 
trivial if n > m{x) otherwise its conductor is m{x) — n. The rest of the proof of (j8.22p 
is the same as the proof of (|8.17p . The proof of (|8.23p is now a repetition of the proof of 

dHjo]). □ 

8.1.3 Computation of J^, ■j^^{u)x(s){'^)i^{'^) d*u 

In this subsection we assume that is normalized. By Lemmas 18.11 and 18.21 the proof of 
Theorem 18.11 amounts to computing 



F* 



1^4,^{u)X(s){u)tp{u)d*u. 
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We write 



where 



/ l^\u)x(^,){u)^{u)d*u =A{¥,ij,x,s)+B{¥,i:,x.s), (8.24) 

n OO „ 

^(F,V^,X,5) = / l-Hu)xis){u)d*u = y^{q-\{T,)Y -f-:\7T^u)x{u)du (8.25) 
Jot „=o -^o; 



and 



B{¥,ij,x,s)= ^T\u)xis){nmu)d*u = y2{x-\7r)qTJn{¥,i^,x), (8.26) 



where 



Jn(¥,ij,x)= 7^'(vr-"n)V^(vr""n)x(n)dn. (8.27) 
By ([33]), iike nodd 

Jk{¥,^,x) (8.28) 

= q-h^\-l)( [ ^{7:-^u)x{u)du + Y,<f I I VHtt"' " vr^^'V))x(n) dndxV 

\% n=i JoiJo; J 

while by ([S^S]) . if A; G Net,e„ then 

Jfc(F,V^,x) (8.29) 



7/;(n(7r - vr ^'"x^))x(?i) fiu 

F 



) 

Due to Lemma [8TT] and (j8.24p . in order to compute C^(x<S57^^, s), it is sufficient to compute 
A{¥,^P,x,s) and5(F,V,X,s)- 

Lemma 8.7. A{¥,'ip,x, s) = unless x^ is unramified, in which case 

A(w.,p,x.s) = .,-'(-i),(-i)(i-,-'),=*'(i-x=(.),-)-G(x,*) If'"" : f + ' 

II "^(xj ^ 

Proof. First we show that 

7^i(n)x(tx)dn (8.30) 

= c-\-l)([ x{u)du + x{-l) ! X{x-'')dxy2<f I V'(vr-'"^)x(n)dtxY 
VJo; Jo; Jo; / 

and that 

-i-\TTu)x{u)du (8.31) 

= q-h-\-l)([ x{u)du + x{-l) I X{x-^)dxy^'f I i^{^^-^''u)x{u) d^ . 

VJo; Jo; Jo; / 
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Indeed, by Lemma [3?2] 

= cTi(-l) / fl + ^c?"/ V'-'(^-'Vn)dx)xHdn 

= c^H-l)( [ xin)du + xi-l) [ x{x-^)dxY,q'' f ^l^{^-^'''u)x{u) dr] . 

(j8.3ip follows in the same way. If x^ is ramified then ()8.25p . ()8.30p and ()8.3ip implies that 
A{¥, ip, X, s) = 0. From now on we assume is unramified. The fact, proven in Lemma 
[331 that 1 + P^''+^ C F*^ implies that m(x) < 2e + 1. Consider first the case m(x) < 2e + 1. 
By Lemma 13.31 



X u)x{u) du dx 



l/{T^u)x{u)du = 7^,^(71") / -tJ{u)x-K{u)du 

Jo; 



teOj/1- 



By (|OU|l and (fSTTl) : 



j^\u)du = c;^\-l)il-q-^). 

Recalling (|8.25p . this lemma follows for unramified x- Assume now that 1 < m{x) < 2e. 
By Lemma [83] m(x) is even. From ([830|) . ([8J8]) and ([5:20]) it follows that 



By (j8.25p we are done in this case also. Finally, assume m(x) = 2e + 1. In this case, by 
Lemma 13. 3 [ 

y\u)xiu)du= Yl l^\^)x{t) j ^x{u)du = Q. 

Also, from ([OT]) . ([gTTSD and (ICTjl it follows that 

^-\^u)x{u) du = c-l(-l)x(-l)(l - q-')q'^G{x, i'). 
With (105]) we now finish. □ 
Lemma 8.8. B{¥, V, X, s) = En=i ^ ^ {x~\7^)q'T , V', x) 
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Proof. Put k = max(2e + 1, m{x)) • By (j8.26p . one should prove that Jn(IF, il^,x) = fo^ 
n > k. Indeed, 



□ 



Lemma 8.9. // x 'is unramified then 

e 

Bi¥,i;,x,s) = c^\-l){x-''-\7r)q(''+'>-'2 + (1 - q~')^{x^H^)Q''"' 

k=l 



Proof. First note that by Lemma 18.81 we have 

2e+l 



B{¥,i;,x,s) = ^{x~H7r)qTU¥,i,,x). 



n=l 



Assume first that F of is of odd residual characteristic. In this case we only want to 
show that Ji(F, = q'"^- By (18.28P we have 

Ji{¥,i;,x) = ipiuTT-^) du + q I ^Ij'^ {ut:-^ {x"^ - I)) du dx) . 

^Jo* Jo; Jo; ' 

Using (iSTTTl) and (|8?T9]l we now get 

Ji (F, V, X) = -q^ + q^ {f^{H{l, ¥)) (1 - q^^) - q~' (^^(1, F)) ) . 

Since from Lemma 18.51 it follows that /x(Z?(l,F)) = 1 — 3q~^ and /.f(i7(l,F)) = 2q~^, we 
have completed the proof of this lemma for F of odd residual characteristic. We now assume 
that the residue characteristic of F is even. Note that by Lemma 13.31 if '^(x) < 2e + 1 and 
< A: < e - 1, then: 



J2k+i(¥,i>,x) = 7^'(vr) / 7~;\u)xA^^)i'{^^^~^'~') (8-32) 



teO*/i+p2' 

Therefore, 



Bi¥,ij,x,s) = ^(X"'(^)g^)'' / 7;pHu)i^iu7T~'')du (8.33) 
k=i % 



Next, we use ([8:28|) and ([STTl) and note that for 1 < /c < e: 



J2fe(F,V',x) = cli(-l)E9" / (/ V'((^-''-xV-2»dn')dx. 
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Note that if k ^ n then Ktt-^'^ + x^vr-^")! = qmax{2k,2n) > ^2^ Therefore if k ^ n the 
conductor of the character u i— )• ^((vr"^^ — x^7r~^")u) is at least 2. Hence, by (j8.19p and by 
the same arguments used for (|8.17p we get: 

/ 7^'(n)V(n7r"2fc)dn = c^\-l)q''[ ([ - x^)7t-^''u) du) (8.34) 

= c^\-l)q'^[-q-h^{D{¥,2k)) + {1 - q'^)f,{H{¥,2k))). 

Similarly, 

/ 7-i(7rn)V'(n7r-2^-i) du = c-^(-l)g^+5 (-g-V(l)(F, 2e+l)) +(1-^ ')^(i^(F, 2e+l))) . 

(8.35) 



From Lemma 18.51 it follows that for 1 < k < e 

n{D{2k,¥)) = 0, fi{H{2k,¥)) =q-^, (8.36) 

and that 

/x(Z^(2e + l,F)) ^,[H{2e + l,¥))=^^. (8.37) 

Combining this with ()8.34p , (j8.35p and (j8.33p the lemma for the even residual characteristic 
case follows. 

□ 

The last lemma combined with the computation given in Lemma 18.71 for unramified 
characters gives explicit formulas for 74(F, -(/;, x, s) and i?(F, '0,x,s) for these characters. 
A straight forward computation will now give the proof of Theorem 18.11 for unramified 
characters. 

Lemma 8.10. Suppose that m{x) > and that is unramified. Then: 
Bi¥,ip,x,s) 



"i(x) 
2 



\-l)Gix, i')xi-lh'^~' ((<? - 1) E ixi^r'Q'r - x(vr)-W"2-2g(2^+^-W)' 



fe=i 



where the sum in the right-hand side is to be understood as if m{x) ^ 2e. 

Proof. We first assume that F is of odd residual characteristic. Since 1+Pf ^ Op^i "^(x) = 1 
(Op/1 + Pf — F , therefore u i— )• {u,tt) is the only one non-trivial quadratic character of 
OJ) . Due to Lemma 18.81 it is sufficient to show that 

Jl(F,V,x) = -q-h^\-l)G{x,ij)x{-l)- 
By UjKlEh and by IK2T^ we get 

Ji(F,V,x) = q-h-\-l)(G{x,^)+q [ I ^{uT^-H^-x^))x{u)dudx) 

^ Jo* Jo* ' 

= q-h-H-l)G{x,^l^)(l + q [ X^Hl-x^)dx). 
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Fix X e D{1,¥). For any u G 1 + Pf we have l-x^u^ = (1 - + ^^vr) for some b £ Of- 
This imphes that 1 — x'^u^ = 1 — x"^ {mod 1 + Pf)- Therefore, — x'^) = X"^(l — x'^u^). 

Thus, 

Ji(F,V,x) = q-h^\-l)G{x,iP){l+ ^ X"\l-t') 
= q-h-:\-l)G{x,^P)Y^x'{l-t'), 

Where x' is the only non-trivial quadratic character of F* . Theorem 1 of Chapter 8 of |23] 
combined with Exercise 3 of the same chapter implies that '^^^fx'i^ ~ = 

From now on we assume that F is of even residual characteristic. We start with the case 
i^ix) ^ 2e. By Lemma 18.81 and by (|8.32p it is sufficient to prove that J2e+i(¥ , , x) = 
and that for all 1 < A; < e we have: 



j2fc(F,v^,x) = c;^'(-i)(/'^"'G(x,VM-i) < 



q-l ^ + k<e 

_1 ll^ + k = e + l. (8.38) 

I!iM + A:>e + 2 



By (18:28]) and by dOO]) we have 

e+l 



J2e+i(F,V,x) = c^'(-l)E'?""H / / ^((vr-'^-' - vr^-'V)t.)xW^indx). 

„=i Vo; Jo; ^ 

Since for n < e + 1, x E the conductor of the character u i— )• {{'k~'^'^~^ — 7r-^~^"x^)u) is 
2e + 1 / m(x) it follows from (fOO]) that 



J2e+i(F,V',x) = c7i(-l)g^+K / / V(vr"'^"^^(l -x2))x(n)dndx). 

^Jo* Jo; ' 

Using ()8.2ip we obtain 

J2e+i(F,V',x) = c^'(-l)5^+^G(x,^) _ _ , x-H^"'^'^^"''"'(l-^'))'^^- 



D{2e+2-m{x)) 

Since by Lemma |8.4| m(x) is even, it follows from Lemma 18.51 that D(2e + 2 — ?7i(x)) = 0. 
We conclude that J2e+i(F, V', x) = (note that we used only the facts that < m(x) < 2e+l 
and that m(x) S Net;en)- Suppose now that \ <k <e and that Ik / m(x). By ()8.29p we 
have: 

^2fc(F,V,x) = c^^(-l) / V((vr-''-vr-2"x»x(n)d7xdx 

1 ^Joi Joz 



n=l 



For n < k the conductor of n i— )• ^((vr "^^ — tt ^"x^ )n) is 2A; / m(x). Hence, by IK20\i the 
first k — 1 terms in the last equation vanish and we have 

J2fe(F,V,x)=cTi(-l)V(?"(/' / i;{{7r-^''-7T-^^x'')u)x{u)dudx). (8.39) 
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Since for n > k the conductor of n i— )■ "^^ — tt ^"■x^)n) is 2n, it follows from (j8.20p and 

^jKm that for e > A; > ^ 



D(2fc-m(x)+l) 



X"^(vr'"W~^'=(l-x2))(ix. 



By Lemma [831 in order to prove ()8.38p for e > A; > I^^M^ is sufficient to show that 



(8.40) 



q 2 ''x(-i) < 



l-q 



-1 mix) 



+ k <e 



"i(x) 



By changing x = 1 + utt 2 we have 



X"^(vr™W-'^(l-x2))dx = g'^-'^ / ((-^'(1 + dn. 



D(2fc-m(x)+l) 



™(x) 



(the term q 2 comes form the change of variables and from the fact that dx is an 
additive measure). Since is unramified, we get by changing u~^w 1— )• u: 

Jo:; 



D(2fc-m(x)+l) 



IK22\i implies now iKM . We now prove (l838l) for 1 < /c < Equation (1839)1 and 

arguments we have already used imply in this case: 



J2fc(F,^,x) = c-\-l)q'^([ [ V(vr- 

^Jot Jot 



■m(x)„,('^m(x)-2A: _ 



'u(7r""^'^' — x^))x(?i) dti da; 



c;n-l)9'^G(x,V)x(-l) / x(x2-vr'"W-'')<ia;. 



It is left to show that 



^(^2 _^m(x)-2fc)^^ = < 



-1 '•ra(x) 
2 



+k=e+l . 
+k>e+2 



This is done by changing x = u + tt 2 ' and by using ()8.22p . Finally, we prove ()8.38p for 
the case 2k = m(x): By (H^S]), ([5:21]) and (l8J8]l we have 

-^m(x)(]^''V',X) 

= cT1(-1)(g(x,V) + E'?" / / ^(n7r-"W(l-vr"'^^^~'V))x(^x)dndx) 

^ n=l -^0^% ^ 

= c-\-l)G{x,i^)(l+ E g"/ x(l-vr'"(^)-'V)da; + g^ / x(l - a:^) da:) . 
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(j8.38p will follow in this case once we prove: 







n 


< 


e - 


mix) 
2 






n 




e - 


mix) 
2 




1.-"' 


n 


> 


e - 


mix) 
2 



+ 1 
+ 1 



(8.41) 



and 



fx(-l)(l-2r') rn{x)<e 

+ m(x)=e+l. 
m(x) > e + 2 



Jo;\i+Pf 

As for the first assertion: Since is unramified: 

Jo;. JO* 
We change x ^ and then k = x — n 



(8.42) 



-2_^Mx)-2n 



) dx. 



2 



We use once more the fact the x^ is unramified and we change k = uju 



-1. 



X(l - vr'"^^^-""x') dx = / x(l+vr 



-n+e 



n) dti. 



(j8.22p now implies ()8.4ip . As for (|8.42p . we change A; = 1 — x and then u = —k ^ and get: 

/ xi'^ - x^) dx = x{-^) x(l +W7r"^^)dn. 

Jo;\i+Pf jo;\i+Pf 

It is clear that if m{x) ^ e then 

X(l + uj-n^'u) du = ^(OJ \ 1 + Pf) = 1 - -• 

;\i+Pf 1 

If 2e > m{x) > e we write 

/ x{^-x^)dx = x{-^){ xO'+^'^^u)du- xi'^ + ^T^^u) du 

jo;\i+Pf ^Joi ^1+Pf 

By (|8:22]1 we have 

[ , e ^ , mix) = e + 1 

/ y(l + (jj-K u) du = { 

Joi |0 m(x)>e + 2 

We now compute J^_^^ x(l + ^t^'^u) du: We change n = 1 + oj^^nk. Since 



(1 + CJTT^u) = (1 + UJ7T^){1 + TT^+^k) 



2e+l\ 
F ^ 
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we have 



/ x(l + ujTT^n) du = x(3) / x(l + ^'^^k) dk. 

Jl+Fv J Of 



'1+Pf 

As in the proof of (j8.22|) . since m{x) < 2e, we conclude that k i— >• x{^~\~'^'^~^^k) is a character 

l)2e 
■ F 



of Op. It is trivial if m{x) = e + 1 and non-trivial otherwise. Also, since —3 G 1 + Pp^, we 



have x(3) = Thus, 



/ x(l + ^T^^u) du 



X{-I)q ^ rn{x) = e + 1 
' [0 m(x)>e + 2' 

We move to the case m{x) = 2e + 1. By Lemma 18.81 it is sufficient to show that 
J„(F, ■tp,x) =0 for aU 2 < n < 2e + 1 and that 

Jl(F,V,x) = -q'---c^\-l)G{x,i^)x{-l)- 
From the fact that m(x) = 2e + 1 it follows that for all 1 < A; < e: 

J2k{¥,tP,x) = [ -f^\u)x{u)i>{7T~^''u)du (8.43) 
Jo; 

E ^V^' it)xim-' i^-''t) f X{u) du = 0. 

/l_l-P2e 

Next we show that J2e+i(F, -f/-, x) = 0. By (USE]), (l8:20D . (f8:2T]) and (f8l^ : 

J2e+i(F,^,x) (8.44) 

e+l » » 

= g-lcTi(-l)(G(x,V) + E'?" / / V'(^-'^-Ml-^'^^+'-"^a;2))x(n)d^xdx 

^ n=l 

= g-^c-i(-l)G(x,V)(l + E^" / x(l-vr2(-+'-")x2)dx 

^ n=i 

X(l - x^)d2;^. 



D(1,F) 



As in the proof of ()8.4ip (using u = x — vr^"*"^ rather then k = x — it 2 ' ") for all 
1 < n < e : 

I x(l - vr2(^+^-")x2) = I x(l + vr^"^^-"^) dn. 
Jo; Jo; 



()8.22p implies now that 

—q~^ n = 1 
n > 1 



It is clear now that if we prove that 

/ xC^ - x^) dx = 0, (8.45) 

Jd{1,¥) 
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we will conclude that J2e+i(IF, V') x) = 0- As in the proof of (|8.42p 

D{1,¥) ^Jo* Jl+¥t ' 



and 

'i+Pj 



/ x(l + WT^^u) du = 0. 



We show that 

x(l + wtt'^u) du = 0, 



although the map u i— )■ x(l + wn'^u) is not a character of Of: 



/ x(l + WTT^u) du = V] / 



x(l + WTT^tu) du. 



For any i G OJ, A; G Of: 

1 + w7rH{l + 7:k) = {I + W7:H){1 + wn^+^tk) (mod 1 + P^"+^). 
Hence, by changing n = 1 + vr/c we get 

/ xi'^ + w^^u) du = q^^ ^ xi'^ + WTrH) xi'^ + w'^'^^^tk) dk. 
Jo; tgo;/i+PF *■ 

Since for all t G OJ, A; i— )■ xi^ + '^^'^'^'^^ik) is a non-trivial character of Of, all the integrations 
in the right wing vanish. 

Finally, we compute J2fe+i(IF, V'j x) for < A; < e — 1: By (j8.28p and (|8.20p we observe: 

J2k+i{¥,i^,x) = q'^h^H-^) [ [ i^iTT^^'-M^'^'-''^ -x'))x{u)dudx (8.46) 

Jo; Jo; 

= g^+^cTi(-l)G(x,^) / x(vr'^^-'^-x2)dx. 

Jo; 

We finish by showing: 

/ x{^'^'-'^-x')dx=\- 



-x(-l)g-^ k = 
k>0 



We note that 



}; Jo; 
We now change u = x — tt'^~^ and use (j8.22p . □ 

The last lemma combined with the computation given in Lemma [521 for these characters 
gives explicit formulas for A{¥,^lJ,x, s) and B(¥,ip,Xj^) ^or a character x which staisfies 
m{x) > "T'(x^) = 0- By a simple computation one can now finish the proof of Theorem 18.11 
for a ramified x provided that x^ is unramified. 
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Lemma 8.11. If ^■^ ramified then B{¥,'ip,x, s) is a non-zero monomial in . 

Proof. The fact that B{¥,'ip,Xj ^) is non-zero foUows from the fact, proven in Lemma 18.71 
that ^(F, ip, X; s) =0 and from the fact, foUowing from Lemma IS-H that 

J^^'yi,\u)x(s)iu)ijiu)d*u 

can not be identicahy as a function of s. Assmne first that m{x) > 2e + 1. By Lemma 
18.81 it is enough to show that Jn(F, V', x) = for ah 1 < n < m{x)- Put k = max{n, 2e + 1). 
We have 

J„(F,^,X)= V ^T\7T-^t)xmi7T-^t) [ x{u)du. 

t60*/l+P| 

Since k < m{x) that last integral vanishes. This shows that 

Bi¥, V-, X, s) = X"™^^^ (vr)<7™(^) V^(^) (F, V^, x). 

In order to complete the proof of this lemma for F of odd residual characteristic it is left to 
consider the case m(x) = 1. In fact, there is nothing to prove here since by Lemma 18.81 we 
get: 

B{¥,^^;,x,s)=X-\7^)q'Jl(J,i^,x)■ 

From now on we assume that F is of even residual and that m{x) < 2e + 1. Assume first 
that m(x) < 2e + 1 and that m(x) is odd. By Lemma ESI once we prove Jn{¥,ip,x) = 
for all n < 2e + 1 we will conclude: 

Bi¥, i;, X, s) = xi7rr''~'q^''^'^'J2e+ii¥, V', x)- 

By IK32\i . Jn(¥, 7/;, x) = for aU < n < 2e + 1, n G Nodd- Let 1 < k < e. Since m(x) is 
odd, by (frail and K20h we get: 

J2fe(F,^,X)=cTl(-l)Vg" / / i^{{7T-^''-7T-^''x^)u)x{u)dudx. 

Joj Jo; 

For n ^ k, X ^ OJ, the conductor of the character u i— )• ^((vr^^'^ — 7r^^"x^)ti) is max(2k, 2n). 
Again, since m(x) is odd, (18.20j) implies 

J2fc(F,^,x) = cl'(-l)'?' / / il^{u7r-^''{l-x^))x{n)dudx. 

Jo; Jo; 

Using (18.2ip we conclude that if 2k < m(x) then J2k{¥,ip,x) = 0) ^^(^ if 2/:; > rn{x) then 
J2k{¥,^,x)=c^\-l)q'Gix,i^) [ x-\7r"'^''^~'\l-x^))dx. 

J D{2k-m{x)+l,¥) 

Lemma [8 . 5 1 implies that D(2A: — m(x) + l,F) = 0. Therefore, we have shown: J2fc(F, V'lX) = 
for all l<k<e. 

We now assume that 2 < m{x) < 2e and that m{x) is even. Again, J„(F, ^/;,x) = for 
all n < 2e + 1, n E Nodd- In this case, the proof of the fact that J2e+i(F, ^,x) = is a 
repetition of the proof that J2e+i(F, ^, x) = given in Lemma [8. 101 for the case m(x) < 2e. 
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By Lemma [8 .81 it is enough now to prove that if 1 < A; < e, and if 2/c / 2e + 2m(x^) - m{x) 
then J2fe(F, ■(/;, x) = to conclude that 

B{F, ^, X, S) = X{^r ^'^^''"^"'^""'^"^^ 9^''^^''"^"'^"'"^"^^ ^«^(2e+2™(x^)-™(x)) ^' 

Assume that 2A: < m{x)- As in the proof of ()8.38p for the case 2k < m{x) we have: 
J2k{^,i^,x) = x{-l)cl\-l)q'^G{x,^) I x-\x^-7r"'^''^-'')dx. 



m(x) _ jr _ -J 

By changing x = u -\- tt 2 and then wu~ u we obtain 

J2k{¥,i^,x)=x{w-')x{-l)c^\-l)q-^G{x,i^) [ x\n)x~H^ + ^'^'^-'u)du. 

Jo; 

It follows from (j8.23p that if 2/c / 2e + 2m(x^) - m(x) then J2fc(F, V', x) = 0. Assume now 
2k > m{x)- As in the proof of (|8.38p for the case 2k > m{x) we have: 

J2k{¥,i;,x)=c-\-l)q'^Gix,^P) [ , Mx) , mx) X"' (vr"^(^)-''(l " x^)) drr. 

Changing x = 1 + uvr 2~ and then wu" i— )■ u we reduce this computation to the previous 
case. As in the proof of ()8.38p for the case 2k = m{x) we have 

-^m{x)(I^'V',X) 



mix) I 

c-\-l)G{x,^)(l+ E 9" / X^Hl-^' 



m(x)~2n 2 



X )dx 



-q '2^1 X ^(1 — x'^) dx 
Jd{1,¥) 



It is sufficient now to show that if m(x) 7^ 2e + 2m(x^) — i^^ix) then 



n=l " 

and 



/ X"Hl-^"'^''^"^"2;2)dx = -l, (8.47) 
~f JOS 



/ x"Hl - a;^) = 0. (8.48) 

Jo;\i+Pf 

We prove ([837]). Let 1 < n < - 1. We change x"^ = x', n' = x' - vr^"". Note that 
x' = u'{l + u'-iyr^-") and that x'^ - 7r"^(^)-2" = ^'^(1 + u'-^uj-n^+^~'^). Thus, 

X-^l - vr-W-^-x^) = x^Hx^)x-^(x-' - vr-W-'") = x\x')x-\x'^ - vr^W-^") 

= X 

Now setting u' = implies: 



X^(nOx'(l + V^-")x-^(n'^)x^^(l + n'-ia;vr^+=^-"). 



X~^(l - 7r™(>^)-2'"x2) dx = / x^(l + 7r^-"n)x"^(l + vr^+^-'^wn) du. 
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-1 I i^ix) 

The fact that u H> Mu) = x~ (1 + — "c^w) is an additive character of Of follows 



from the same argument used in the proof of (j8.22p . However, by the same argument, u i— )• 
4>2{u) = X (1 + ^u) is an additive character of Op if and only if m{x) — 2?i > m{x )■ 

We first show that if m(x) > 2n > m{x) — n^{x^) then 

/ Mu)4>2{u) du = 0. (8.49) 
Define k = 2n — m{x) + "^'(x^)- We have: 



In the right hand side we change u = 1 + xtt^ , x S Op. We have 
and 

1 + ua;t7r^+'^-" = (1 + u;t7r^+'^^")(l + ta;x7r'^+'^-"+'=) (mod 1 + P;^^^)). 
Thus, we get 

/ Mu)Mu)du = q~' V /3*(1)/?2(1) / /?^(a:)/3^(x)dx, (8.50) 

where /3^(x) = x^Hl + tt^x7r'=+^ ""+'') and ^^(x) = x^(l + te7r^-"+'=). Since 
m(x) + 2k — 2n = 2n — m{x) + 2m(x^) > ?tT'(x^) 

and 

2e + m(x) + 2/c - 2n > 2e > m(x), 

we conclude, using the proof of (j8.22p . that for t G OJ, and /^^ are two characters Op. /S!^ is 
a non-trivial character and its conductor its "^^^ —n. j3\ is trivial if ^^^^^^"^"^"''^(x^) ^ 0; 
otherwise its conductor is 2!!^2^ _ ^ _ g _ rn{x^). Since we assume m(x) — rn{x^) 7^ e 
we observe that I3\ and have different conductors. In particular, fi\l3\ is a non-trivial 
character of Of. ()8.50p now implies ()8.49p . 



We now assume that 2n < m{x) ~ ^(x )• <?^i ^-iid ^2 are now both characters of 

Otherwise its conductor is n -|- ^ 

^ - m(x^). Other 

^ix^) 7^ i^ix) ~ 6. Hence, if either (pi or (/>2 are non-trivial then the conductor of (pi(p2 is 
n + max{m{x'^) — !!lM _ From (I8.17P it follows now that if m(x^) > rn{x) — e then 



1 is trivial if n < e — "^^^ . Otherwise its conductor is n -|- "'^^^ — e. (/)2 is trivial if 
n < "^^'^^ — m(x^). Otherwise its conductor is n — + m(x^). Recall that we assumed 



X (l + vr~ "u)x ^(l-F7r''+~ "u) 



1 _ i<n<'^- m(x^) 

— q^^ n = ^^I!^ — m(x^) + 1 , 
n>^- m(x2) + 1 
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and if m{x^) < '^{x) ~ ^ then 
Jot 



l<n<e-^ 
n = e-^ + l. 
^>e_!!iM + i 



Both cases imply (j8.47p . We now prove (|8.48p . As in the proof of (|8.42|) . we change 
u' = 1 — X and then u = u'~^ . Since 1 — = — — ijjtt^u'~^)^ we get 

X-\l-x^)dx = x{-l){( x\u)x-\l-uujTT')du- [ x\u)x-\l-uuj7:^)du). 

Since m{x) — fnix^), (|8.23p imphes 

X^ {x)x^^ — OJX-K^) dx = 0. 



If m{x^) > m{x) — e we have 

/ x^{x)x^\l-xoj7:')dx= V x\t)x~\l - ujtTT^) ! ,^ x^{x)dx = Q. 

If m{x^) < m{x) — e we have 

/ xHx)x^\l-ux7:^)dx= Yl X^(t)x'Hl-uJt7r^) [ ^ ,Y~Hl - uxtn'') dx. 

The proof of (|8.48p wiU be finished once we show that for aU t G OJ: 

/ X-'{l-c^xt7r')=0. 

We change x = 1 + uTr"^^^'^\ Since 

1 - ujxtTT'' = (1 - wi7r")(l - ujtu7r^+"'^^'^) imodl + Ff), 

we get 

/" Y-^l-uxtir") = q-"'^''''>x^\^ + t7r') [ x^H'^ - ^utTr'^"''^'''^) du. 

The integral on the right hand side vanishes since u i— )• x~^{^ ~ ojut'n^'^'^^^^^) is a non-trivial 
character of Of- 

It is left to prove the lemma for the case m{x) = 2e + 1. By Lemma 18.81 and by (j8.43p . 
we only have to show that for all < /c < e, unless k + 1 = m(x^), J2fc+i(IF, ^, x) = 0) to 
conclude that 
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Assume first that < A; < e. The same argument we used for (j8.46p shows that 

Jo* 

We change x = -n^'^ - u' . We have ■n'^^^-^'^ - = - ti'~^7r^^~'^a;). Thus, 

Jo* 

Next we change u = —u'~^uj and obtain: 
(j8.23p imphes now that if A; + 1 / m{x'^) then 

^-l(^2{e-fc)_^2)^^^Q^ 



Since = 2e + 1 imphes 1 < m[x'^) < e + 1 it is left to show that if m{x'^) < e + 1 then 

J2e+i = 0. As in the proof of (|8.44p 

^ n=l -^Oi 

+ q'+^ [ x^\^-x'^)dx). 

Jd(1,¥) ^ 



As we have seen before: 



\ x~^{^-x')dx 

Jd{1,¥) 

= x{-uj-^)( x^{u)x~^{l + WT:^u)du- / x^{u)x~^{l + WT:^u)dv). 



We show that the last two integrals vanish. Similar steps to those used in the proof of 
(|8.45p shows that 

X^{u)x~^{\^^T^^u)du 

H / ^ ^x-^{\^wT^Hu)du 

x'm^H^+^^'t) [ x-\i+wTT-+'^'^^"^k)dk. 

Since ^')^ < e + m(x^) < mix)^ (|8.22p implies that all the integrals in the last sum vanish. 
The fact that 

1+Pf 
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is proven by a similar argument. Last, we have that to show that 1 < m(x^) < e impHes 
that 




This is done by a similar argument to the one we use in the proof of (j8.47p . □ 

In Lemma 18.71 we proved that if is ramified then ^(F, ■0, s) = 0. Thus, the last 
lemma completes the proof of Theorem 18.11 for these characters. 



8.2 Real case 

8.2.1 Notations and main result 

Any non-trivial character of M has the form ipb{x) = e^^^ for some 6 in M*. Any character of 
M* has the form x = Xa:,n(«) = {sign{a))^\a\^ for some x G C, n G {0, 1}. We may assume 
that X = 0, i.e., that x is either the trivial character of the sign character. Thus, X{s) will 
denote the character a i— )• {^sign{a))"'\aY where n G {0, 1}. 

Lemma 8.12. 

i^x(-l)^»gn(a) sign(ab)x{-l) \Y((l+s _ sign(ab)x{-l) \ 

W.U^7^,,sj- 2^ ^^^^ 

We shall prove Lemma 18.121 in the next subsection. An immediate corollary of this 
lemma and of the classical duplication formula 

r(-| + i)r(-i + 2) = 2-4v?r(-, + i) 

is the following: 
Theorem 8.2. 

iTrx( — l)sign(a) 1 



e 



t^2-I Hx,B + l) L{x-,-2s-H) 



Recall that the local L-function for R is defined by 

/^^r(f) n = 

I vr 2 r(^) n = 1 



8.2.2 Proof of Lemma \8A2\ 

We shall see that the computation of the local coefficient for SL2 (M) is done by the same 
methods as the computation for SL2(M). Namely, we shall use the Iwasawa decomposition, 
5L2(M) = i?(M)502(M), and the fact that, as an inverse image of a commutative group, 
502(M) is commutative; see Section [2.31 
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All the characters of 5'02(IK) are given by 



where 2n G Z and (p : M/47rZ — t- 5*02 (I^) is the isomorphism from Lemma l2.3i Denote by 
I{x^1^^, s)n the subspace of I{x0'j^^, s) on which 5'02(IR) acts by From the Iwasawa 
decomposition it follows that 

dim /(x«>7^J,s)„ < 1. 



Furthermore, since -B(M)n502(M) is a cyclic group of order 4 which is generated by {—I2, 1), 
it follows that /(x'^T^^S s)n / {0} if and only if e*'^'?^"'(--f2'i) = Recall that 



1 y>0 
—sign{a)i y < 



Therefore, the last condition is equivalent to e*"'^ = ix{—^)sign{a). Thus, we proved: 
Lemma 8.13. dim/(x ® 7^J, s)n = 1 and only if n £ _|_ 2Z. 

Let n be as in Lemma [8.131 Define fs,xA,n to be the unique element of I{x{s) ® ^^l)^ 

which satisfies fs,x,a,n{h, 1) = 1- Since A{s)I{x{s) ® 7^J)n C /(??(x, -s) ® 7^J)n, it follows 
that 



Therefore: 



-^s{,f s,x,a,n) 
^(/s,x,a,n)(/2,l)"'"™- 



'^^.(X®7^,\s) = TT- . (/2,1) . (8.51) 



We have: 



where 



Note that c{ux-, k^) = 1, and that since ^ > 0, (p ^{kx, 1) = t, where < t < vr is the 
unique number that satisfies e** = -j==j. Therefore, 

^(/.,X,a,n)(/2,l) = ! {l+X^y'^{^^=^Ydx 



I - s — l-\-n — s— 1 — n 

6 2 I (l + ix) 2 (1 — ix) 2 dx. 



By Lemma 53 of [66] we conclude: 



As(/s,x,a,n)(/2, 1) = 6^ 7r2^- — px^ ^^ , ■ (8.52) 
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For a similar computation, see [13]. In the rest of the proof we assume that 6 > 0. We 
compute C^^ix ® 7^J, «): 

= e^™ / ||x + i|r-("+^)(rE + i)-"e-^^^dx 
Jr 

= e^™6^ / ||x + 6ip-("+i)(x + 6f)-"e-'^dx. 
Jr 

The rest of the computation goes word for word as the computations in pages 283-285 of 
where 

1 r'^ 



T{^ + r -k) Jo u 
is the Whittaker function defined in Chapter 16 of [70]. This function satisfies 

Wk,r = Wk-r- 

It follows that 

A(g,X,V^b)(/.,X,a,n) ^ r(^^) 
A((-S,X,V'6)(/-.,x,a,n) r(^) ■ ^ ■ ' 

Plugging (|8.53p and (|8.52p into (|8.5ip and using Lemma [8. 131 we conclude that 

where n e + 2Z. We now compute C^_^{x 'S) 7^j^;S) and finish the prove of 

Lemma I8.12t 

X{s,x,^-b){fs,x,a,n) = e*""6^ /"||x + 6i|r-(^+i)(x + 6i)-V^da; 

Jr 

= b' [ \\x + bir-^'+^^ {x - bi^e-'^ dx. 



We note that (x — bi) " = fx + bi\ ^"(x + 6z)". Thus, repeating the previous computation 
we get: 



A(g,X,V^-fe)(/.,X.a,n) _ ^^. r(^^) 



A(-S,X,V'-6)(/-.,X,a,n) " r(^±l^) ' 

which implies 

ilH p/ -;;+l-n \-p/- g+l+n \ 
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where n e ^(-^>'9nia) ^ 

Remark: When one computes 

one obtains the same expressions on the right-hand sides of (j8.54p and ()8.55p . only that one 
should assign n £ 2Z if x = Xofi and n G 2Z + 1 if x = Xo,i- 

8.3 Complex case 

Since 5L2(C) = SL2{C) x {±1} and since 7^(C*) = 1 it follows that 

C'/''^''\Bsl,{C),s,x,{ ^l))=cf^(B^JjC),s,x,{ ^h)). (8.56) 
Theorem 3.13 of ^1] states that 

c'/^^^\BsUC),s,x,{ -°io)) =c'(^)^^^^^^^, (8.57) 

where c'(s) is an exponential factor. Recall that any character of C* has the form 

x{re^')=Xn,so{re^')=r''e^''', 

for some sq £ C, n £ Z. We may assume that sq = or equivalently that x = Xnfl- The 
corresponding local L-function is defined by 

Lc(Xn,o,5) = (2^)-(^+^)r(s + M). 
Lemma 8.14. There exists an exponential factor c{s) such that 

C'/^^''\Bs,AC),s,x,{ _o, J)) =c(.)^^^%%. (8.58) 
Proof. Due to ()8.56p and (j8.57p we only have to show that 

r(i + M_g) _ r(i + n-2s)r(^ + M + g) 

T{M + s) r(n + 2s)r(l + M_5) 

This fact follows from the classical duplication formula 

r(z)r(z + i) = 2i-2-V^r(2z). 

□ 
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8.4 A remark about the chosen parameterization 



From Theorem 18.11 Lemma 18.31 and Lemma 18.121 it follows that if is unramified 
and 

might not have the same of zeros and poles. This phenomenon has no analog in connected 
reductive algebraic groups over a local field. Many authors consider 'i/;~'^-Whittaker func- 
tionals rather than ^/i-Whittaker functionals, see [7] for example. It follows from Theorem 
18.11 Lemma 18.31 and Lemma 18.121 that C^-i(x '^7^ > s) will contain twists of x by the 
quadratic character x i— t- {x,—1)y whose properties depend on F. The situation is com- 
pletely clear in the real case. The case of p-adic fields of odd residual characteristic is also 
easy since a character of F*, x i— )• {x, — 1)f is trivial if — 1 S F*^, otherwise it is non-trivial 
but unramified. Thus, Theorem 18.11 and Lemma 18.31 give a formula for C^-i(x®7^ ^s). 

However, in the case of p-adic fields of even residual characteristic, the properties of 
X I— (x, — 1)f depend so heavily on the field, that it is not possible to give a general formula 
for C^~i{x CS) 7^^,s). If is ramified it follows from Theorem 18.11 and from Lemma 18.31 
that C^-i(x'^7^^) s) is a monomial in q~'^. But, if is unramified, things are much more 
complicated. For example, assume that ip is normalized and that x is the trivial character 
of F*. By the same techniques we used in Section [8T] the following can be proved: If e is 
odd then 



L{x,2s) 



If e is even, we have: 



where P^{^s) is defined to be 

g2^'^((ci(F,2A;)(-g-i) + C2(F,2A;)(l-(7-^))g*^) + 



^.59) 



where 



^s(2e+i) 2e + \){-q~^) + C2(F, 2e + 1)(1 - q^^))t^"^ , 

ci(F,n) = G OJ I \x^ + 1|| = g^""}), (8.60) 

C2(F,n) = G I \x^ + 1|| < g^"}). (8.61) 

For the 6 ramified quadratic extensions of (|8.59p gives the following: If F is either 
Q2(\^), Q2(\/^), Q2(\/6), Q2(\/^) we have: 

r ( \ ( ^^ -s^X-\-2s + l) 



Mx,2s) 
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if F = Q2(\/^) we have 



-4s 



and if F = (^/3) we have 



c^-iu®7w, ,s = -1 k —n -TV T f o \ — • 



These observations, i.e. the appearance of twists and the incomplete picture in p-adic fields 
of even residual characteristic, justifies our parameterization, that is , our choice to calculate 
C^(x ® 7^ ,s) rather then C^-i (x i8> 7^ , s). We do note that analytic properties of 

C^^a (X ® 7^\ s)C^. (X"^ ® 7^\ -s) 

do not depend on a. It is the last expression which is important for irreducibility; see 
Chapter M 



8.5 A remark about the similarity between C^(x®7^^,s) and the Tate 
7-factor 

Let F be a p-adic field and let x and ip be as before. For simplicity we assume that ip is 
normalized and that x(^) = 1 (the latter can be achieved by shifting the complex parameter 
s). Let S{¥) be the space of Schwartz-Bruhat functions on F. For (p € S{¥) define its Fourier 
transform, (p G ^(F), by 

^(x) = / (l){y)ij){xy) dy. 
Jf 

It is well known that for Re{s) > 0, 



converges absolutely for any (j) G S{¥) and that it has a meromorphic continuation to the 
whole complex plane. This continuation is the Mellin transform, (^{<j),x,s). It is a rational 
function in q~^. Let 7(X)V';'S) be the Tate 7-factor, see [44], defined by the functional 
equation 

7(x, s)a^, X, s) = C(0, X"\ 1 - s). (8.62) 

where (j) is any function in S'(F). It is clearly a rational function in q~^. It as well known 
that for Re{s) > 

7(x"\^-\l-s) = / Xis){u)i^iu)d*u, (8.63) 

JO<||w||<(j'" 

where m > m{x)- We have seen that for k > max(m(x),2e + l) 

C4x^l^\sr'= [ j-\u)xis){umu)d*u (8.64) 
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whenever the integral on the right-hand side converges, that is, for Re{s) > 0. 

The similarity between the integrals in the right-hand sides of (j8.63|) and (j8.64p and the 
fact that 

C^'-''^^^ {BsL,m,s, X, ( ; V ))"' = lix-\i^-\ 1 - s) (8.65) 

raise the question whether one can define a meromorphic function 7(x, tp, s) by a similar 
method to the one used by Tate, replacing to role of the Fourier transform with (j) ^ (p 
defined on S (F) by 

(we define 7^^(0) = 0). We shall show that such a definition is possible and that there exits 
a metaplectic analog to (j8.65p . namely that 



Cf'^^^ {BsLm^s, X, ( ? V )) = lix-\i^-\ l-s). (8.66) 
Lemma 8.15. For any cp G 5(F) 



Hx)X(s)ix)d*x 

converges absolutely for < Re{s) < 1. This integral extends to a rational function in . 

Proof. For A C F, denote by 1a the characteristic function of A. Regarding the convergence 
of 

/ Hx)X{s){x)d*x, 
Jf* 

we may assume that (p = Ipn or that (p = la+P", where ||a|| > since these functions 

span S{¥). 

Fix n G Z, a G F* such that ||a|| > g2e+i-n^ 

la+P"(y) = / ip{xy)%'^{xy)dx = ^p{ay) ipixy)^'^ {{a + x)y) dx 

= llyirV(a?/) / '^ixh^,^{ayil + xy~'^a~^)) dx. 

■''Il^ll<llylk-" 

Note that for x, y and a in the last integral we have 



\\xy-^a-^ < ||g-"a-i|| < q-^^'K 



Therefore, 



la+P"(y) = ||y|| ^ip{ay)-iJ{ay) I il){x)dx. 

^Il^ll<l|j/Il'?-" 

This implies that for y G F* 



i^(a2/)7^ (ay)g " ||y|| < 
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Thus, 



This shows that 



oo 

kRe{s) 



la+F^ix)x(s)ix)d*X 

converges absolutely for Re{s) > 0. Furthermore, for Re{s) > 0, 



F* 



la+F^ix)x(s){x)d*x = 5 " / ip{ax)'y^{ax)x(s){x)d*x 

J0<\\x\\<q" 

= / i^{xh-'^{x)x(s)(x)d*x. 

i0<||x||<||a||g- 

It was shown in Section [8.1.31 that the last integral is a rational function in q^'^. 

We now move to ^ = Ip" . By an argument that we used already, for y G F* we have 



?^iy) = \\y\\ ^= / '^ixhJix)dx. 

■JM<\\y\\q-" 



Put ||y|| = q"^. Assume first that m < n: 

^^(y) = / l^\x) dx = q-^ / 



It was shown in lemma [8771 that 



-1, fc.^^^fO A;GNodd 

This implies 



e^en ; k^Tl — m 

If m > n then 



1 n-m£ Neven 

n-m £ Nodd 
(8.68) 



lp?(2/) = 9-'" / ^l;{xh^Hx)dx. 

J\\x\\<q"^-" 

with this notation, if ||y|| = q^ > q^ then 

^^(2/) = cM-\ (8.69) 

It was shown in Lemma [8.81 that c^a. stabilizes, more accurately, that there exists c G C such 
that Cm = c for all m > n + 2e + 1. 
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Since lp^(x) is bounded, it now follows that there exists two positive constants ci and 
C2 such that 



/ Uv^{x)X(s){x)\\d*x 
Jv* 

< Cl [ \\x\f'^'U*X + C2 [ \\x\f'^'^-U*X 

oo oo 



k=—n k=n 

This shows that 

/ '^v^{x)x{s-){x)d*x 

converges absolutely for 1 > Re{s) > 0. From ()8.68p and (j8.69|) it follows that there exist 
complex constants such that for 1 > Re{s) > we have 

'^¥f{x)X{s){x)d*x 

= ki ^ / ^X{s){x)d*x + k2 ^ / ^X{s){x)d*x 

n+2e+l „ „ 

+ Cfc / X(s-i)ix) d*x + c V / X{s-i)ix)d*x. 

It is clear that the right hand side of the last equation is rational in q^'^ . □ 

Prom the lemma just proven it follows that it makes sense to consider Ci'P-, Xi s), although 
(j) does not necessarily lie in 5(F). 

Theorem 8.3. There exists a meromorphic function ■~f{X: ''Pi such that 

l{x,'p-\s)a<P,X,s) = a^,X-\l-s) (8.70) 
For every (j) G 5(F). In fact, it is a rational function in q'^ . Furthermore, (|8.66p holds. 

Proof. It is sufficient to prove (I8.70p for < Re{s) < 1. By lemma [8.151 in this domain 
both ({(j), X, s) and ({(j), x~^i 1 ~ ■?) are given by absolutely convergent integrals. The proof 
goes word for word as the well known proof of (I8.62|) : see Theorem 7.2 of [H] for example, 
replacing the role of the Fourier transform with (j) ^ cj). We now prove (j8.66p . Due to 
Lemmas 18. II and 18.81 it is sufficient to prove that 



^{x-\^-\l - s) = ^-\u)x(,){u)i;{u)d*u. (8.71) 

To prove ()8.7ip we use (f) = li+pfc, where k > max (m{x) , '^e + l). An easy computation 
shows that 

C(ii+P^,x"\i-s) = g-^ 

Thus, from ^^lU\i it follows that 

l{x^^,^~^, 1 - s) = g''C(li+pfc,X,'S). 
UKTDi follows now from (18371) . □ 
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Many properties of the Tate 7-factor follow from the properties of the Fourier transform. 
What properties of 7 follow from the properties of the transform </) 1— )• </) is left for a future 
research. 



8.6 Computation of C^^^™'^'^^ (Pm;o(IF), s, r, ^) for principal series repre- 
sentations 

In this subsection we assume that F is either M, C or a p-adic field. Let ai,a2, ■ ■ ■ , am be 
m characters of F* and let fi be the character of TcLmi^) defined by 

m 

Diag{ti,t2, ...,tm)^ JJai(ti). 

i=l 

We also regard /i as a character of BGL,n{^)- Define r to be the corresponding principal 
series representation: 



^GL^(¥) 

Lemma 8.16. There exists d G {±1} such that 



cl^'-^^\Pmm,s.r,J-^') (8.72) 

m m— 1 



i=l 1=1 

where for 1 < i < in — 2, n = /n(i^^'""'^'^/L (SD^j^i aj and Tm~i = ctm- Furthermore, d = I 
if ¥ is a p-adic field of odd residual characteristic and t is unramified. 

Proof. We prove this lemma by induction. For m = 1 there is nothing to prove. Suppose 
now that the theorem is true for m — 1. With our enumeration this means that there exists 
d' G {±1} such that 

m m—1 



i=2 i=2 

and that d' = 1 if F is a p-adic field of odd residual characteristic and r is unramified. The 
proof is done now on( 
EH O and O that 



proof is done now once we observe that since r ~ Ind q " ai^Ti it follows from Lemmas 



C'/^-''\PrnA^),s,r,u'-') = d''C'^'^'''^{BsL,{¥),s,ar,{ ^,1)) 

for some d" G {±1}- If F is a p-adic field of odd residual characteristic and r is unramified 
then d" = 1. □ 
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Theorem 8.4. There exists an exponential function c(s) such that 



C*""'(7WF),.,r,..-') = ,(s f(Y«^'y'-f> (8,73) 

If ¥ is a p-adic field of odd residual characteristic, ip is normalized and r is unramified then 
c{s) = 1. 

In Section 19.31 we shall show that (j8.73p holds for every irreducible admissible generic 
representation r of GLm(F); see Theorem 19.31 

Proof. We keep the notations of Lemma 18.161 From (j7.ip and from the known properties 
of 7(t, s, tp) (see j50] or [26] ) it follows that for every 1 < i < m — 1 there exists di G {±1} 
such that 

m 

C'J:''™+^-^^''^(PiV-.(F),(5,-s),a.®f,,ti7-^_J n 7(a.a„2.,^). (8.74) 

j=i+i 

and that di = 1 provided that F is a p-adic field and r is unramified. From ()8.4p it follows 
that 

n (^^' ( _o, ^ )) = c'(.) n 7^""^,, , (8.75) 

r=i ^ ^ ti7(ai,s+ 2,^/^) 

where Cp(s) is an exponential function that equals 1 if F is a p-adic field of odd residual 
characteristic, ip is normalized and r is unramified. Plugging (j8.74p and ()8.75p into (|8.73p 
we get 

c|^-^"H/WF),^,r,c.-^) =c(.)n( r^'' 1 , n 7(a.a,,2.,^)). 
By definition, (|8.73p now follows. □ 
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9 An analysis of Whittaker coefficients of an Eisenstein series 



In this chapter we prove a global functional equation satisfied by 7(0" x r, s, V'); see Theorem 
l9.1l of Section [9.21 It is a metaplectic analog to Theorem 4.1 [JH] (see also Part 4 of Theorem 
3.15 of [53]). The argument presented here depends largely on the theory of Eisenstein series 
developed by Langlands, [35], for reductive groups. Moeglin and Wladspurger extended this 
theory to coverings groups; see |37j . This chapter is organized as follows. In Section [9. II we 
introduce some unramified computations which follow from [7j and [lOj . These computations 
will be used in Section 19.21 where we prove a global functional equation by analyzing the 
V'- Whittaker coefficient of a certain Eisenstein series. As a consequence of a particular case 
of the global functional equation we show in Theorem 19.31 of Section 19.31 that if F is a p-adic 
field and r is an irreducible admissible generic representation of GLm(¥) then there exists 
an exponential function c{s) such that 



9.1 Unramified computations 

We keep all the notations we used in Lemma 17.41 but we add the following restrictions; we 
assume that F is a p-adic field of odd residual characteristic, that tp is normalized and that 
X and n are unramified. We define the local unramified L-function of a x r with respect to 

L^{WXT,s)= Y[ II L{r]iaj,s)L{r]~'^aj,s). (9.1) 

l<i<fc l<j<m 

The subscript ^ is in place due to the dependence on 7^^ in the definition of a. 

Similar to the algebraic case, I{x{s)) has a one dimensional K2k {Sp2ki^¥)) invariant sub- 
space. Let f^^^^ be the normalized spherical vector of I{x{s))j i-e-, the unique K2k{Sp2k{0¥)) 
invariant vector with the property /^^^^ {hk, 1) = 1- For / G I{X{s)) the corresponding Whit- 
taker function is defined by 

Wf{g) = ^ [ f{{J2kuA)g)r\u)du, 

where 

k 

Cx,s,=T{{^ + m{^)'i-^'^^ n ((l-9"S.(vr)r?,^)"')(l-9^'^.(vr)r/,(vr)g-2^)). 

i=l '^<i<j<k 



With the normalization above, Theorem 1.2 of [7] states that Wfo = Wz , where 

^X(s) normalized spherical function in W{I{x{s))i'4')- To be exact we note that in 

[7], the ■(/'"^-Whittaker functional is computed. This difference manifests itself only in the 
5L2(F) computation presented in page 387 of [7]. Consequently the left product defining 
^X(s) presented in [7j differs slightly from the one given here. It is the same difference 
discussed in Lemma 18.31 and Section 18.41 
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Let be the normalized spherical vector of /(/Lt). Define 
where 

D^= n (l-^"'«*a7')- 

l<?<j<r?i 

Denote by the normalized spherical function of Theorem 5.4 of |10] 

states that Wfo = W'^. Let \r,-4> and be Whittaker functionals on /(/i) and /(x) 
respectively. Note that 

KAr{g)f) = Wf{g), Xa,^{a{s)f) = Wfis). (9.2) 

Similar to Chapter 17. H we realize 



as a space of complex functions on Sp2n{^) x GLm{^) x Sp2k(^) which are smooth from 
the right in each argument and which satisfy 



= 67^1 (det(5) det(60) ||det(5)ir+^5Bc,„,,, (5)5Bs,,JF)(?'')^Kfe)x(6)/(/i, 5off, yoy), 



For all g ,go G GL^{¥), y,yo £ 5p2fe(F), n G (Nm^kA), h G 5p2n(F), 6 G ^gl^(F), (&',e) G 
^5p2fe(F)- We realize 



as we did in Lemma l7.ll An isomorphism Ti : Ji — t- is given by 
{Tif)ih,g,y) = f f /(s, w^ni^, (-^2fcn2, l)y)V'"^(ni)V'"^(?^2). 

Let /^^ G Ii be the unique function such that 

/0((/2n,l),/™,(/2fc,l)) =1 



and such that for all o G K2n{Sp2n{Ow)) , g G GLm(F), y G 5p2fc(F) we have 

fUo,g,y) = f,{g)-fx(y)- 

Let Z]', G I[ be the unique function such that 

/0,((/2„,l),/m,(/2fc,l)) =1 



and such that for all o G K2n{Sp2n{Ow)) , g G GLm(F), y G S'p2fc(F) we have 

/0(o,5,y) = <(g)-Ty°(y). 

According (j9.2p : Ti(/j'^) = . We denote by A'(s,r ®'a,if) the Whittaker functional on 
/( constructed in the usual way. 
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Lemma 9.1. 

A'(.,r0a,V^)/O = 2,^^!'^',-^ -TV M 

1 L(t, syjn^, 2s + l)L^(cj (g) T, s + 1) 

Proof. For / G Ji we have: 

A'(s,rC3a,^)(ri(/)) (9.4) 



1 



In particular 



Let (8) X be the character of Tgpjn (^) defined by 

(jm,n(t)ifc,n(t')) ^ II <iei{t)Y ^l{t)x{t') , 



where t G Tgl^IF), G r5p,,(F). We realize C3 x) = ^^ ^g^.^F) ^^' ® '"^^^ ® ^' 

the obvious way. For the Whittaker functional defined on this representation space, 



A(s,x(g)/u)(/) = / f{J2nU,l)ip ^{u)du, 

we have 

A(s,^(g)x)(/°(;.,®x)) = '^M(s)®x- (9-5) 
The isomorphism T2 : /i — )■ /(/^(s) ^ x) defined by 

(r2/)(/i) = /(/!, /™,(/2fc,l)), 

whose inverse is given by 

(T2- V) (/i, 5, y) = 7^ (det (5)) II det II / (9) , , 
has the property: 

r2(//°) = /,V«;,). (9.6) 
Using dEl), (j^ and we observe that 



(^MM0X = ^(^' X ® = / (^2(/7° )) ( J2nn, l)^-^(^z)d7/ = 

/ /,O((J2„n,l),/„,(/2fc,l))V-'(^x)c^^/ = C;,I)^A'(s,T0a,V)/{'.. (9.7) 

Since 

C/^M^x _ L(t,s + i) 



C^i:*^ L(r,sym2,2s + l)L^(CT(g)r,s + l)' 
the lemma is proved. □ 
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Remark: In the case A: = ()9.3p reduces to 

This case appears in the introduction of [7]. 

Let A'^'''''^'^,!,,^. , A'. , be the intertwininff operators defined on /(^^|'„^ (g) 
x), Ii, I'l respectively. 
Lemma 9.2. 

\'{-s,T(E>a,^P){A' (9.8) 

L{t, —s + i)L^(a (8) r, s)L{t, sym"^, 2s) 
L{t, sym?, —2s + l)L^{a ® r, — s + 1)L^(ct (X" t, s + 1)L{t, sym? , 2s + 1) 

Proof. Apphcation of Lemma 3.4 of [7j to the relevant Weyl element proves that 
where 

L{a(E>T,s) L{T,sym?,2s) 



^^MW^x L{a®T,s + 1) L(r, sym^ 2s + 1) ' 



We define 



and 



by analogy with Ti and T2 . Note that Ti commutes with Aj^ ^ and that T2 commutes with 
A- (,'--^\■ Therefore, 

and 

5|:{^,.,,„,-.,(/o)c^;_;;«-.,('(M,,,«x)). 

We denote by fj^ and /j*, the spherical functions of Aj^ ^'j {lu'-'^)^^'^-^ respec- 

tively. Since Ti , T2, ,Ti, T2 map a normalized spherical function to a normalized spherical 
function and since a straightforward computation shows that 

we have _^ _^ 

From this and from (19.111 we conclude that 



This finishes the proof of this lemma. □ 
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Remark: Combining (|9.3p and (|9.8p we get 



L(r, s + ^)L(f , sym'^, —2s + l)L^(a (E) f, 1 — s) 
L{t, —s + sym?, 2s)L^(a (E) r, s) 

In particular, 



C^^^hT^m , T - + sym^,-2s + l) 



(9.10) 



Dividing ([M]) by (|9l^ we get 



-L,;,(cj X r, 1 — s) , , 

7 a X r, s, ^ = ^ ' 9.11 

Thus, the computations presented in this subsection provide an independent proof of Corol- 
lary 17.41 in the case where F is a p-adic field of odd residual characteristic and a and r are 
unramified. 



9.2 Crude functional equation. 

Throughout this section, F will denote a number field. For every place v of F, denote by 
F^ the completion of F at v. Let A be the adele ring of F. We fix a non-trivial character ■0 
of F\A. We write 'ip{x) = Ylj^i^uixu), where for almost all finite v, ipu is normalized. As in 
the local case, will also denote a character of Zql^{K), Zsp2„{^) and of their subgroups. 

Let r and be a pair of irreducible automorphic cuspidal representations of GLm(A) 
and 5p2fc(A) respectively. Let r and a act in the spaces Vr and respectively. We assume 
that a is genuine and globally ■i/'-generic, i.e., that 

/ (/>^^(n,l)^-^(n)(in / (9.12) 

for some (pw G Va- Fix isomorphisms Ti : Cg'^.Tj^ — )• r and T2 : (^'j^Oy — > a. Here, for each place 
V of F, Ty and Uy are the local components. Outside a finite set of places 5, containing the 
even places and those at infinity, and ay come together with a chosen spherical vectors 
a^^ and respectively. We may assume, and in fact do, that il^y is normalized for all 

Let T = Ti (g) T2. We identify {(^'yTy) ® {®'jay) with ®'y{Ty®ay) in the obvious way. We 
also identify the image of T with the space of cusp forms on GLm (A) x Sp2k (A) generated 
by the functions {g, h) 1— )• (j)T-{g)(j>w{h), here g € GLm(A), /i € 5p2fc(A), 0r G and i?!)^^ € 1^. 
r then is an isomorphism T : (8)'j,(r;y 0"^) t 0a. Denote for (p E Vr^a- 



W^ig,h) 



/ 

J no 



(t)[nig,{n2,l)h)'4! ^{ni)\(j ^{n2)dn2dni 
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By our assumption (j9.12p . there exists E Vr^a such that / is not the zero function. 
Note that the hnear functional 

K(g,a,^p{(t>) = W^{l„i, {hn, 1)) 

is a non-trivial (global) T/^-Whittaker functional on Vr^a^ i-e, 

for all (ni,n2) G G-Lm(A) x Sp2ki^)- The last fact and the local uniqueness of Whittaker 
functional imply that 

Lemma 9.3. There exists a unique, up to scalar, global ip- Whittaker functional on T®a: 
(p^ Km,^{(f] = j / (t){ni,{n2,l))'ip~^{ni)ilj~'^{n2)dn2dni. 

JZgl,^ {mZcL^ (A) JZsj,^^ (If")\^Sp2, (A) 

For each v let us fix a non-trivial ipjy Whittaker functional XT,j^a„,i(>^ on Vr^^a,, o,t each place 
V, such that if Ty ® is unramified then 

Then, by normalizing \T„(Sa^,ip^ at one ramified place, we have 

where (p = T(^<^^{vr^ (g) v^^)) , i.e., (j) corresponds to a pure tensor. 
We shall realize each local representation 

h{Tuis),^u) = Ind^^i^^l ® Ms)) ® 
as the space of smooth from the right functions 

/ : 5p2„,(F.) ^ Vr^ » V^^ 

satisfying 

f{{jm,niS)^ l)«fc,n(y)"-/i)= 7^i.(5)ll det(5()|| {9)®^u{y)f{h) 

for all g £ GLm(F^), y G Sp2k{^u), n £ {Nm,k{^u), '^), h £ Sp2n{^u)- For each place where 
Tj/ and Wy are unramified we define fu'^ G Iy{'Ty[s),'^y) to be the normalized spherical 
function, namely, fu'^{l2n, 1) = ® We shall realize the global representation 

/(r(,),a)=/ndg|(7^;i^5r(,))C5a 

as a space of functions 

/ : Sp2n{^) X GL„(A) X 5p2fc(A) Vr(g,w 
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smooth from the right in the first variable such that 

f{{jm,n{9).'^)ik,n{y)nh,gQ,yQ) = 7^^(5)11 det(5)P+^^'^r(5-) (^a{y)f{h,gog,yoy), 

for all g,go G GLm(A), y,yo G 5p2fc(A), n e {Nm,ki^), l), h £ 5p2n(A), and such that for 
all h G 5p2n(A) the map (5^, y) f{h,g,y) lies in K^^^. 

/(T(j,),a) is spanned by functions of the form = T(^{®yfy{gy)^ , where G Ii/{t,^{s),'^u) 
and for almost all z/: /i, = (for a fixed /((7) is a cuspidal automorphic form corre- 
sponding to a pure tensor). 

We note that for {p, 1) G l) we have f{{p, l)g) = f{g)- This follows from the 

fact that Yl^J^lia) = 1 for all a G F*. Hence, it makes sense to consider Eisenstein series: 
For a holomorphic smooth section fg G /(r(^),a) define 

E{fs,9)= Yl fs{{l,l)9,Im,{l2k,l)) 

76P™;fc(F)\5p2n{F) 

It is known that the series in the right-hand side converges absolutely for Re{s) >> 0, see 
Section II. 1.5 of [37] and that it has a meromorphic continuation to the whole complex 
plane, see Section IV. 1.8 of [37]. We continue to denote this continuation by E{fs,g). 

We introduce the ip- Whittaker coefficient 

Ei,{fs,9)= I E{f,,{u,l)g)ip-\u)du. 

Note that no question of convergence arises here since Zsp2„{^)\Zsp2„{^) is compact. It is 
also clear that E^{fs,g) is meromorphic in the whole complex plane. 

Lemma 9.4. J^j^^^ L^^{ay Ty, s) converges absolutely for Re{s) >> 0. This product has 
a meromorphic continuation on C. We shall denote this continuation by L^{a t,s). We 
have: 

^"■if-C^"'^) = LS(r, 2! + r, , + 1) n M^. r. « ^) (/.). (9.13) 

Recall that H^.^^ -^^(t,^, s) and Yl^^^g L{Tiy, sym'^ , s) converge absolutely for Re{s) » 
and that these products have a meromorphic continuation on C; see [33]. These continua- 
tions are denoted by L^{t, s) and L^{t, sym"^, s) respectively. 

Proof. Recall that in Section [27T] we have denoted by Wsp2„ the Weyl group of Sp2n{^)- 
We now and denote by Wm^.^ the Weyl group of Mjn^k- We fix Cl, a complete set of 
representatives of WM^.k\Wsp2n- Recall the Bruhat decomposition 

sp2nm = [j p^^kmwBsp^A^). 

wen 

Clearly for w G il: 

Pm,k 
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Also, for w £ ^l, pi,P2 £ Pm;k{^), ui,U2 £ Zsp2„{^) we have: If piwui = P2WU2 then 

Thus, every element 7 of Sp2ni^) can be expressed as = pwu, where p £ Pm,k{^) and 
w G Q, are determined uniquely and u £ Z^p^^lIF) is determined uniquely modulo Z^(¥) 
from the left (note that if Wm^.^.vji = Wm^.^.W2 it does not follow that ^■^^.^(F) = Z^j(F). 
This is why we started from fixing Q). Thus, for fg G I{T(^g^,a) and Re{s) >> we have: 

E4fs,{l2n,l)) (9.14) 

= / X] fs{{7uA)Jm,il2kA))'^~^iu)du 

■JueZsp^^ (F)\^SP2„ (A) ^eP„^, (F)\Sp2n (F) 

= / ^"^(^^) X] X] /s(('wn'u, l),/„,, (/2fc, l))dw 

= ^ / '(/'""^(w) ^ fs{iwnu,l),Im,{l2kA))du 

= '4)~^{u)fs{wU,Irn,{hkA))du. 

We now choose wq = w'i{m; k) (see ()6.ip ) as the representative of J2n in f^- We note that 
Zy^f^ = Zsp2„ n Mn^k- By the same argument used in page 182 of [l6] one finds that 

/ i;-\u)fs{wu,Im,{hk,l)) =0, (9.15) 

J«eZ„(F)\Zsp2„(A) 

for all w £ Q, w ^ Wq. Thus, from ()9.14p we have: 

E^{fs,{l2n,l)) (9.16) 

lp~^{u)fs{woU,Irn, [hk, l))du 



«e^sp2„WnA^n,fe(F)\Zsp2 

/ '4)~^{u)fs{woU,Im-,{l2kA))du 
•^«eZsp2„{F)nAf„,fe(F)\(Zsp2,JA)nM„,fe{A))Ar„.fe(A) 

/ 'il)~^{n) j 'ip~^{u)fs{wQun,Irn,{hkA))dudn 

Jni^N^.kW ■^«6Zsp2„WnM„,fe(F)\(Zsp2„(A)nM„,fe(A)] 



V' ^(f^)/ / ^ ^{n2)ip ^{ni)fs{wQn,ni,{n2,l))dudn. 

Recall that S" is a finite set of places of F, such that for all v ^ S, v is finite and odd, Ty^Ui, 
is unramified and ipu is normalized. Assume now that fs corresponds to the following pure 
tensor of holomorphic smooth sections, fs{g) = T[®^fs,u{9u)) , where fs,u G ^l„{T„(^^-f,a) and 
for V ^ S: fs,u = fu'^- By Lemma [9131 we have 



(9.17) 
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(see Section 3.3 of |44j for the general arguments about Eulerian integrals). The last equa- 
tion should be understood as a global metaplectic analog to Rodier's local algebraic heredity. 
(imm and dOJ imply that for i?e(s) >> 

L^(r s + -) 

(9.18) 

We claim that we may choose fs as above such that for all G 5 

X{s,T^^a^,ij){fs,^) = l (9.19) 
for all s € C Indeed, we choose fs.u which is supported on the open Bruhat cell 



{¥,y)[w'i{m; k)Zm;k{¥u), l) 

which satisfies 

fs,M{m;k)z,l){9,y) = mWrMWaAy). 



Here z G Z„.fe(F,), g G GL„(F,), y G 5p2fc(F ;/),(/> is a properly chosen smooth compactly 
supported function on Z^-^ki^u) and Wr^{Im) = Wa^ilk-, 1) = 1- We have 



We now choose (p such that ()9.19p holds. For such a choice we have 

Eip{fs, {hn, 1)) 



L^{t, sym?, 2s + 1) H^y^s L^{(yy ®Tu,s + 1)' 

The absolute convergence of Hi/^s L^,{ay(^Tu-, s) for Re{s) » is clear now. Furthermore, 
the fact that this product has a meromorphic continuation to C follows from the meromor- 
phic continuations of -E^(/s, (-f2ni l))i L'^{t:s) and {t, sym'^ , s). Finally, the validity of 
(f9T3]l for all s follows from I^JE^. 

□ 

Theorem 9.1. 

„ Lfi{'aXT,s) 

n7(^.xr.,vfe) = ^,*^,^_,) . (9.20) 

Proof. The global functional equation for the Eisenstein series states that 

E{fs,g) = E{A{fs,g)), 

where A is the global intertwining operator; see Section IV. 1.10 of [37]. We compute the 
V'-Whittaker coefficient of both sides of the last equation. By (19. Sp we have 

L^l^r s + -) 

LSir,sym^2s + l)LSiW^r,s + l) g ^ ^) (U) 

L^{t, -s + \)L^{a ® T, s)L^{t, sym^, 2s) 
~ LS{?,sym'^,-2s + l)L^{a(g)T,-s + l)L^(a(g)T,s + l)LS{T,sym'^,2s + l) 

nA(-s,r,®a„V')(A,.^_„(,^-i)(/°,)), 
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Or equivalently, by the definition of the local coefficients 

L^(f, -s + ^)L^{t, sym'^,2s)L^{a(g)T,s 



(9.21) 

In particular, for k = 



Dividing (fOT]) and ([9:22]) we get (fM]) . □ 



9.3 Computation of C^^ (Pm;o(IF), s, r, a;^ ^) for generic representations 

Theorem 9.2. Lei F 6e a p-adic field and let r 6e an irreducible admissible supercuspidal 
representation of GLm{^)- There exists an exponential function cf(s) such that 

^5p2„(F) /p — 7^ /_n _ , . 7Mym^2s^ 

Proof. Since r is supercuspidal it is also generic. Proposition 5.1 of [53] implies now that 
there exists a number field K, a non-degenerate character ip of ^gl„(k)\-^gl„(a) and an 
irreducible cuspidal representation n ~ ^uT^u of GL„(A) such that 

1. ]K^„ = F for some place of K. 

2. -0^0 = -0. 

3. TTuo = T. 

4. For any finite place v ^ i^q of K, is unramified. 

Define 5 to be the finite set of places of K which consists of z/q, of the infinite and even 
places and of the finite places where is not normalized. From the fourth part of Theorem 
3.5 of |52| it follows that 



and that 

n 2 / ^ L^{iT,sym^,s) 
L^{ir,sym\l - s) 

Therefore, (I9.22P can be written as 

.5p2m(F.)/p — 7^ _ . . /-UN _ T-r 7{TT,y,sym^,2s,ip) 



This implies that this theorem will be proven once we show that for a\l £ S, i' ^ uq, 
there exists an exponential function c^(s) such that 
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Since for all for all u €z S, u vq, tt^ is the generic constituent of a principal series 
representation series, this follows from Theorem 18. 4[ □ 

Theorem 9.3. Let ¥ be a p-adic field and let r be an irreducible admissible generic repre- 
sentation of GLm{¥). There exists an exponential function cf(s) such that 

[^m;0{'^),S,T,UJ^ )-Cw{S) i • (9.26) 

7(T, S -\- 2 ) 

Proof. By Chapter II of [8], r may be realized as a sub-representation of 

where is a standard parabolic subgroup of GLjn{¥) whose Levi part, M(F), is isomor- 
phic to 

GV(F) X GLn,{¥) . . . X GLnM 

and where for all 1 < z < r, Tj is an irreducible admissible supercuspidal representation 
of GL„. (F). Since for all 1 < i < r, has a unique Whittaker model it follows from the 
heredity property of the Whittaker model that r' has a unique Whittaker model; see |43j . 
This implies that r is the generic constituent of r'. Hence, 



Thus, it is sufficient to prove ()9.23p replacing r with r'. By similar arguments to those used 
in Lemma 18.161 and Theorem 18.41 of Section [8.61 one shows that there exists d G {±1} such 
that 



i=l j=i+l 

Since for 1 < i < r, n are irreducible admissible supercuspidal representations it follows 
from Theorem 19.21 that there exits an exponetial factor, Cf{s), such that 

C/ ' '{Pm-o{^),S,T ,UJ^ )=Cf(s)||( -, , 1 II jiTiX Tj,2s,ij)]. 

Using the known multiplicativity of the symmetric square 7-factor (see Part 3 of Theorem 
3.5 of we finish. 

□ 
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10 Irreducibility theorems 



Let F is a p-adic field. In this chapter we prove several irreducibihty theorems for paraboHc 
induction on the metaplectic group. Through this chapter we shall assume that the inducing 
representations are smooth irreducible admissible cuspidal unitary genuine generic. 

In Section 110.11 we prove the irreducibility of principal series representations (induced 
from a unitary characters); see Theorem 110. 1[ A generalization of the argument given in 
this theorem is used in Section 110.21 where we prove a general criterion for irreducibility of 
parabolic induction; see Theorem 110.21 As a corollary we reduce the question of irreducibil- 
ity of parabolic induction on Sp2n{^) to irreducibility of representations of metaplectic 
groups of smaller dimension induced from representations of maximal parabolic groups; see 
Corollary 110.21 In Section 110.31 we reduce the question of irreducibility of representations 
of Sp2ni^) induced from the Siegel parabolic subgroup to the question of irreducibility of 
a parabolic induction on S02n+i{^)', see Theorem 110.31 We then use [55] to give a few 
corollaries. 

Our method here is an application of Theorem 14.31 to the computations and results 
presented in Chapters 17.11 [8] and [H The link between Theorem 14.31 and the local coefficients 
is explained in Chapter [Gj see ()6.7p . Throughout this chapter we shall use various definitions 
and notation given in previous chapters. Among them are tt"^ and the notion of a regular 
and of a singular representation (see Section IT2]) . Wp^{¥) (see Section [2T]) . W{'it) (see 
(|48]) ) and T.p_^(j) (see Section l44l) . 



10.1 Irreducibility of principal series representations of Sp2n{^) induced 
from unitary characters. 

Lemma 10.1. Let f3i and (^2 be two characters o/F*. Denote (3 = If ¥ is a p-adic 

field then 

C, \BaLM,{s„S2),P,®P2,{\l))= ^^^^ L(/g,(.,-.,)) ' 

(10.1) 

where n is the conductor of ip. //F = M then 



L[p,[si-S2)) 
(10.2) 

This lemma can be proved by similar computations to those presented in Sections [HTT] and 
18.21 The p-adic computations here are much easier than those presented in this dissertation. 
The lemma also follows from more general known results; see Lemma 2.1 of [39] for the p- 
adic case and see Theorem 3.1 of |5l] for the real case. 



Theorem 10.1. Let Qi,...,a„ be n unitary characters of ¥* . Let a be the character of 
Tsp2n(J) defined by 

{diag{ai,. . . , a.„, a"\ . . . , a.;;^), e) ^ £7^^(11 11 



n n 

/ai). 

i=l i=l 
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Then I{q) is irreducible. 

Proof. Since a is unitary, I{a) is also unitary. Therefore, the irreducibility of I{a) will 
follow once we show that 

For 1 < i < j < n define 



Ij-i-2 



\ 



In-j + l/ 



and 



A routine exercise shows that 

^Bs,,J¥) = \l<i<j<n}U {t|,} I 1 < r < n} U ■) | 1 << i < j < 7i}. (10.3) 

Note that, 

W{i,j)diag{ai, . . . ,an)w^_^^) = diag{ai, . . . , Oj-i, Oj, a^+i, . . . ,aj_i,ai,a + j + 1, . . . 



W{r}diag{ai, . . . ,an)w^^y = diag{ai, . . . 



and that 



w'(^ij)diag{ai, . . . ,a„)W(. = diag{ai,. . . ,ai_i,a^- Saj+i, . . . ,aj_i,a. \ a + j + 1, . . . ,a„). 

Therefore G Ty(a) <J4> = aj, T|^} G VF(a) <;4> is quadratic and w'^^ £ VF(q;) 44> 

= a~^. Furthermore, Vl^(a) is generated by '^Bsp^ (f) ^ W{a). Thus, using Theorem 14.31 
and (j6.7p , the proof of this theorem amounts to showing that 



C^P'"^''\P-f{¥),^,{<S>^^,a,)<S^,w)C^P'-^^\P-f{¥),?^^ (10.4) 
for all w G ^Bsp^ (F) 1^ W{a). We prove it for each of the three types in the right-hand side 

of (Has}. 

Suppose that G W{a). We write: 

W^(ij) = If (i,i+l)W^(i+l,i+2) • • • -WQ.i J) W(j_2 • • • ■ (10.5) 

We claim that the expression in the right-hand side of (|10.5p is reduced. Indeed, 



^'bsp,J¥) = {^(^,+1) I 1 << * < U {r|i}} C J^Bsp,^ 



(F) 
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is the subset of reflections corresponding to simple roots and the length ofw(^i j) is 2(j — i) — 1 
(any claim about the length of a given Weyl element w may be verified by counting the 
number of positive root subgroups mapped by w to negative root subgroups). Thus, we 
may use the same argument as in Lemma [712] and conclude that there exists c e {±1} such 
that 



cf^"^^^(i?Sp,„(F),l^,(®r=i«.)),«^(i,i))= (10.6) 

J-2 

c(n/'^(^)/^(^))^?"^^^(^5p.„(F),^-,(c=i«o'',^o-ij)), 



where 



where 



W(k) — 1^(i,i+l)U^(j+l,i+2) • • • 



W 



'"^(i,i+l)'«^(j+l,i+2) • • • '^{j-l,j)'^{j-2,j-l), 



W 



I 



(k) = ^(i,i+l)W^(i+l,i+2) • • • U^(j-l,j)?y(j-2,i-l)W^(j-l,i)^(i-2,i-l) • • • W^k+l,k+2)- 

Since all the local coefficients in the right-hand side of (jl0.6p correspond to simple reflections 
we may use the same argument as in Lemma 17.31 and conclude that 



(10.7) 



c7^"^'^(i?5p.„(F),l^'^('=),(®^=l«0"''=^«^(fc,fc+l))=c^^^ 

cJ^(S5p,„(F), m=ic^r,^u-i,j)) = C^'''^^^ {BGL,m, {s,,s,), a, ® a„0J2, ( ? i )) , 
Since ai, . . . , afc are unitary, (jl0.7p and (jlO.ip implies that for i < k < j — 2, 



Ci''-''' {Bsp,„ (F), ^^i"^ , (®r=i«0"('=' , Wik,k+i)) 
and 

{Bsp,. (F), l^"'!^) , m=,ar'^^^ , u;(,,,+i)) 

are holomorphic at "s^ = 0. Also, since G W{a) implies that Oi = Oj, (jl0.7p and 

(fTITT]) imply that 

cJ^(i?5p.jF),^-,(®r=i«.)'',^o-i,,)) 

vanishes for = 0. Recalling p0.6p we now conclude that if w = W(^ij) G W{a) then p0.4p 
holds. 

Suppose now that Tj^} € W{a). We write 

Tj^} = W(^r,r+l)'W{r+l,r+2) ■ ■ ■ 'W{n~l,n)'^{n}'W(n~l,n)'W(n^2,n~l) ■ ■ ■ ^{r+l,r)- (10.8) 



114 



The reader may check that the expression in the right-hand side of (jlO.Sp is reduced. We 
now use the same arguments we used for w = W(i^jy. We decompose 



into 1 + 2(n — z) local coefficients. 2{n — i) of them are of the form (jlO.ip . These factors are 
holomorphic at = 0. The additional local coefficient, the one corresponding to r|„} is 



Theorem 18.11 implies that there exists c G C* such that 



C'^^'^'\BsU^), s, X, ( ^ I ))C^'''^'>{BsL,m, -s, x-\ ( I )) 
LF(x^-2g + l)LF(x^2g + l) 
L^{x\2s) L^{x^-2s) ■ 

Since rj^,} G W{a) implies that is quadratic, we now conclude that (|10.4p holds for 

W = T{r}- 

Finally, assume that w'^^j-^ £ VF(a). We write it as a reduced product of simple reflec- 
tions: 

'"^ki) ^ '"^(ij+l)^(i+lj+2) ■ ■ ■ '^(n-l,n)T{n}'W{n-l,n)W(n-2,n-l) ■ ■ ■ 
■'^(i,j+l)^(j+l,i+2) • • • '"^0-l,i)^(j-2,i-l) • • • 

^(i,i+l)^(i+lJ+2) ■ ■ ■ '^(n-l,n)T{n}'W{n-l,n)W(n-2,n-l) ■ ■ ■ "^(j+l.i)' 

We then decompose 



into 1 -|- 2(n — i) local coefficients coming either from GL2(¥) or from SL2{¥). All these 
local coefficients are holomorphic at = 0. The factor corresponding to equals 

Since wi- .-, G W{a) implies that ai = aj^ we conclude, using (jlU.ip . that (|lU.4p holds for 



w = w'^ijy provided that w'^ij-^ £ W{a). □ 



Remarks: 

1. Assume that F is a p-adic field of odd residual characteristic. For the irreducibility of 
principal series representations of SL2 (F) , induced from unitary characters see [39] . For the 
irreducibility of principal series representations induced from unitary characters to the 
cover of Sp4 (F) see [72] . During the final preparations of this manuscript the author of these 
lines encountered a preprint which proves Theorem 110.11 using the theta correspondence; 
see [H]. 

2. One can show that Theorem 14.31 applies also to the field of real numbers in the case 
of a parabolic induction from unitary characters of Bsp2„(M)- Thus, repeating the same 
argument used in this section, replacing Theorem 18.11 with Theorem 18.21 and (jlO.ip with 
(|10.2p . one concludes that Theorem 110. II applies for the real case as well. 
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10.2 Irreducibility criteria for parabolic induction 

Theorem 10.2. Let = (ni, 122, . . . , n^; k) where ni,n2, ■ ■ ■ , rij., k are r + 1 non-negative 
integers whose sum is n. For 1 < i < r let Ti be an irreducible admissible supercuspidal 
unitary representation of GLm (F) and let a be an an irreducible admissible supercuspidal 
ip-generic genuine representation of Sp2k(^)- Denote vr = (<X'[=i(7^"'^ ® Ti)) ^o". I{t^) is 
reducible if and only if there exists 1 < i < r such that Ti is self dual and 

cf'<'=^"^^<^'(7^;:^,0,T,®a,i„^,,+„^(<i)) (10.9) 

Proof. Since j„.^„(ct;^'T^) is of order two as a Weyl element it follows that if ti is self dual 
then 

if and only if 

cl''''^-^'''\p;:~jf),s,n^^ 

(10.10) 

vanishes at s = 0. Thus, since /(vr) is unitary, we only have to show that 

dim(i/om^^^(/(7r),/(7r))) > 1 (10.11) 

if and only if there exits 1 < i < r such that Ti is self dual and (jlO.lOp does not vanish at 
s = 0. 

Suppose first that there exits 1 < i < r such that Tj is self dual and pO.lOp does 
not vanish at s = 0. Since for any w G VFp_>(F), /(vr) and /(vr'") have the same Jordan 
Holder series we may assume that i = r. It follows from (|4.7p that wq = Jnr,n.(w^~^) S 
cjp_>(F) n Vl^(7r). Since wq is a simple reflection we may use a similar argument to the one 
used in Lemma 17.31 and conclude that 

C|^(7V(F), ^, H=iri) ® ^, wo) = c'/'"-'-"^'^^^ (R^^Jf), sr, n » W, wo) , 
where = (si, S2, . . . , Sr)- Thus, our assumption implies that 

cf^iR^, ^, i^Uin) ^3 ^, wo) cf^(R^), ^, mUT,) a)^<^,wo) (10.12) 

does not vanish at s = 0. Theorem 14.31 and (j6.7p imply now that (jlO.lip holds. 

We now assume that for any 1 < i < r, if is self dual then (jlO.lOp vanishes at s = 0. 
Again, by theorem 14.31 and (|6.7p we only have to show that (|10.12p vanishes at = for 
any wq G Sp_>(]p) n VF(vr). Similar to the proof of Theorem 110. H there are three possible 
types of Wo G Sp_j(p) nW{7r): 

Type 1. Tj ~ Tj for some 1 < i < j < r then the if and only if the Weyl element that inter 
change the GL„.(F) and the GL„j(F) blocks lies in T,p_,(Y) n T^(vr). 

Type 2. r, ~ fj for some 1 < i < j < r if and only if the Weyl element that inter change 
the GL„,(F) with the "dual" GL„,^(F) blocks lies in Sp^(F) n W^(vr). 

Type 3. Ti is self dual for some 1 < i < r if and only if the Weyl element that inter change 
the GLn,{¥) with its "dual" block lies in T.p_,(f) D W{7r). 
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In fact, by switching from vr to tt"^ for some w G VFp_»(F), we may assume that there 
are no elements in 'Lp_^(Y) ^ W{'k) of type 2. Indeed, Let / C {1, 2, . . . , r} such that 

{l,2,...,r} = jAi, 

i&I 

where Ai are the equivalence classes 

= {1 < i < I T-i - Tj or Ti ~ Tj). 

By choosing w S Wp-^{¥) properly we may assume that Tj ~ Tj for all j G j4j. Thus, we 
only prove that ()10.12p vanishes at = for any wq G Sp_>(]ii-) n W{tt) of type 1 or 3. 

Assume that Tj ~ Tj. Let wq E Sp_>(-ip') n W{'n) be the corresponding Weyl element. We 
decompose ()10.12p into a product of local coefficients corresponding to simple reflections 
which may be shown to be equal to local coefficients of the form 

^GL„j,+„,{F) (^pO^^^^^jp)^ ^^^^ ^^^^ ^ (pO^^^^(]F)^ (s^^ ^p^^) . 

(10.13) 

All these factors are analytic at (0,0); see Theorem 5.3.5.2 of j60j . One of these factors 
corresponds to {p^q) = Since by assumption Tj ~ Tj, the well-known reducibility 

theorems for parabolically induced representation of GL„(F) (see the first remark on page 
1119 of |18j . for example) implies that the factor that corresponds to p = i, q = j vanishes 
at (0, 0). This shows that (110. 12j) vanishes at "s^ = for any wq G Ilp_>(jr) n W{7r) of type 1. 

Assume that Tj is self dual. Let wq G Sp_^(ip)n VF(7r) be the corresponding Weyl element. 
We decompose (|10.12p into a product which consist of elements of the form (|10.13p and of 
factor of the form (110. lOp . All the factors of the form ()10.13p are analytic and (0,0). Since 
Ti is self dual, by our assumption the other factor vanishes at s = 0. This shows that ()10.12p 
vanishes at = for any wq £ Tip_^(j) n W{'k) of type 3. □ 

Corollary 10.1. We keep the notations and assumptions of Theorem \10.2l /(vr) is reducible 
if and only if there exists 1 < i < r such that Ti is self dual and 

-f(a X Ti,0,ij)j{Ti,sym^,0,i^) ^ (10.14) 



Proof. Let r be an irreducible admissible generic representation of GLm(F). From the 
definition of 7(0" x r, s,'0), (16. Sp . and from Theorem 19.31 it follows that 

r<Sp2u{¥) / D 7^ ^_ . / ( \ (-^ 7(t, sym'^,2s,^) 

^ ' [Pm;k{^),S,T ®a,Jm,n[^m )) = c(s)7(cJ X T, S, V) Z i . 

for some exponential factor c(s). By (6.1.4) in page 108 of [50] we have 

7(f , 1 - s, ^)7(r, s, ^) = T{-Im) e {±1}. (10.15) 

Therefore, if we assume in addition that r is self dual we know that 7(t, ^, "0) £ This 
implies that (jl0.9p may be replaced with (jl0.14p □ 



The following two corollaries follow immediately from Theorem 110.21 
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Corollary 10.2. With the notations and assumptions of Theorem \10.SX /(tt) is irreducible 
if and only if I{Ti,'a) is irreducible for every 1 < i < r. 

Corollary 10.3. Let ~t = (ni, ?i2, . . . , n^; 0) where ni,n2, . . . ,nr are r non-negative integers 
whose sum is n. For 1 < i < r let Ti be an irreducible admissible supercuspidal unitary 
representation of GLn-{¥) . Denote vr = (8'[=i(7^^ CSiTj). /(vr) is reducible if and only if there 
exits 1 < i < r such that Ti is self dual and ^{u, synP, 0) / 0. 



10.3 A comparison with S02n+i{^) 
Let S02n+i{¥) be the special orthogonal group: 

S02n+i{¥) = {<? G GL2„+i(F) I 5^2n+i5* = JL+i, det(5) = 1}, 



1 • 

1 



where = ^ . j ■ Denote by Bso2n+ii^)j ^S02n+ii^) the standard Borel subgroup 

and its unipotent radical respectively (see page 2 of [62] for example). Let iphe a non-trivial 
character of F. We continue to denote by ■0 the character of Nso2n+i i^) defined by 



k=l 

We also view ^p a character of any subgroup of Nso2n+ii^)- Let Ps02n+i{^) be the standard 
parabolic subgroup of S02n+i{¥) whose Levi part and unipotent radical are 

Mso2„+A^) = { I ' 1 I I ff e GL„(F)} GLn{¥), 

a*/ 

In X Z 

Us02n+im = {\ 1 X' I G502n+l(F)}, 

In / 

I t„-\ U _ ll 



where g* = J2n+i 9 = ^^J'n- Define 



^'L = I (-1)" I G 'S'02n+l, 

<^n / 

and let r be a generic representation of GL„(F) identified with Mso2n+i^)- 'Lhe local 
coefficient 

is defined in the same way as in Chapter [6] via Shahidi's general construction; see Theorem 
3.1 of [48] . From the second part of Theorem 3.5 of [52] it follows there exists c G C* such 
that 

Cl'''-^'^^\Pso2nA^)^s,r,Jt') = c^{r,sym\2s,i^). 
Furthermore, if r is unramified then c = 1. In Theorem 19.31 we have proven that 

^ ^ , /-n _ ^ , Mr,sym^,2s,il)) 

G^ [I^m;0{'^),S,T,UJ^)-Cw[S) i , , 
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where cf(s) is an exponential factor which equals 1 if F is a p-adic field of odd residual 
characteristic, is normalized and r is unramified. Recalling (|10.15|) we have proved the 
following. 

Lemma 10.2. Let r be an irreducible admissible generic representation of GLn{^) ■ There 
exits an exponential function c{s) such that 

c'^'''"^^^^\Pso,.,A^),s,r,u;':-')C'^^^^^^^ (10.16) 
= c{s)cf^(Km,s,r,u'~')cf^iK;^),-s,^^ 

c{s) = 1 provided that ¥ is a p-adic field of odd residual characteristic, ip is normalized and 
T is unramified. 

Theorem 10.3. Let r be an irreducible admissible self dual supercuspidal representation of 
GLn{¥). Then, 



L{r)=Lnd^{{y'odet)0r) 



is irreducible if and only if 
is irreducible. 



Proof. In both cases we are dealing with a representation induced from a singular repre- 
sentation of a maximal parabolic subgroup. Therefore, applying Theorem 14.31 and ()6.7p to 
these representations, the theorem follows from Lemma 110.21 □ 



Remarks: 

1. One can replace the assumption that r is self dual and replace it with the assumption 
that T is unitary, since by Theorem 14.91 the commuting algebras of these representations are 
one dimensional if r is not self dual. 

2. Theorem 110.31 may be proved without a direct use of Lemma 110.21 One just has 
to recall Corollary I1U.3I and the well known fact that /'(r) is irreducible if and only if 
7(r, sym^,0) / 0; see [55] ■ However, the last fact follows also from the Knapp-Stein di- 
mension theory and from the theory of local coefficients. In fact. Lemma 110.21 gives more 
information than Theorem 110.31 This Lemma implies that l3{s,T,io'~^) has the same ana- 
lytic properties as the Plancherel measure attached to S02n+ii¥), Ps02„+i{^) t- 

3. In general, we expect the same connection between the the parabolic inductions 

Lnd^^^^ ((r ® 7^^ o det) ®a) and Lnd^^^^+^^^^ (r ® 9^{a)) , where F is a p-adic field, Q(F) 

is the standard parabolic subgroup of -S'p2n(F) which has GLm(F) x Sp2k{^) as its Levi part, 
Q'(F) is the standard parabolic subgroup of S02n+i{'^) which has G-Lm(F) x S02k+i{'^) 
as its Levi part {r + m = n), t is an irreducible supercuspidal generic representation of 
GLm(F) and a is an irreducible genuine supercuspidal generic representation of Sp2k(^)- 
Here 9^{a) is the generic representation of 502^+1 (F) obtained from a by the local theta 
correspondence. See [27] and [12] for more details on the theta correspondence between 
generic representations of Sp2k(^) and S02k+i{^)- In a recent work of Hanzer and Muic, a 
progress in this direction was made; see |20] . 
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Corollary 10.4. Let r be an irreducible admissible self dual supercuspidal representation 
of GLrni^)- Let a be a generic genuine irreducible admissible supercuspidal representation 
of Sp2k{^)- If is irreducible then I{T,a) is irreducible if and only if ^{o x r, 0, ^) = 

Proof. Recalling Theorem 110.21 we only have to show that 7(0" x r, 0, ^/^) =0 if and only if 



Therefore, from ()6.8p . the definition of -fia x r, 0, -0), the proof is done once we show that 

is analytic and non-zero in s = 0. The analyticity of this local coefficient at s = follows 
since by (jl0.16p 



has the same analytic properties as 

which is known to be analytic in s = 0; see Theorem 5.3.5.2 of [60] (note that that last 
assertion does not relay on the fact that r is self dual). The fact that 



follows from Theorem 14.31 and the assumption that /(r) is irreducible. □ 
The corollaries below follow from 1551: 



Corollary 10.5. Let r be as in Theorem \10.3[ Assume that n > 2. Then I{t) is irreducible 
if and only if 

is reducible. 

Proof. Theorem 1.2 of [55] states that I"{t) is irreducible if and only if I'{t) is reducible. □ 
Corollary 10.6. Let r be as in Theorem \10.3l If n is odd then I[t) is irreducible. 

Proof. Corollary 9.2 of |55] states that under the conditions in discussion I" {t) is reducible. 

□ 
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